The cohomology ring of certain compactified Jacobians by Oblomkov, Alexei & Yun, Zhiwei
ar
X
iv
:1
71
0.
05
39
1v
1 
 [m
ath
.A
G]
  1
5 O
ct 
20
17
THE COHOMOLOGY RING OF CERTAIN COMPACTIFIED JACOBIANS
ALEXEI OBLOMKOV AND ZHIWEI YUN
Abstract. We provide an explicit presentation of the equivariant cohomology ring of the com-
pactified Jacobian Jq/p of the rational curve Cq/p with planar equation x
q = yp for (p, q) = 1.
We also prove analogous results for the closely related affine Springer fiber Spq/p in the affine
flag variety of SLp. We show that the perverse filtration on the cohomology of Jq/p is multiplica-
tive, and the associated graded ring under the perverse filtration is a degeneration of the ring of
functions on a moduli space of maps P1 → Cq/p. We also propose several conjectures about Jq/p
and more general compactified Jacobians.
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1. Introduction
1.1. Main results. Let p and q be coprime positive integers. Let C = Cq/p be the compactifica-
tion of the plane curve yp−xq over C which is smooth at ∞. When p, q > 1, the only singularity
of Cq/p is the point (x, y) = (0, 0). Let Jq/p be the compactified Jacobian of Cq/p. It classifies
rank one torsion-free coherent sheaves on Cq/p with a fixed degree. In this paper we study the
cohomology ring of Jq/p. The notation H
∗(Y ) will denote the singular cohomology of a complex
variety with Q-coefficients.
1.1.1. Presentation of the cohomology ring. Let πx : Cq/p → P
1 be the projection (x, y) 7→ x.
Taking direct image of a torsion-free rank one sheaf on Cq/p under πx gives a rank p vector bundle
on P1. Let Funiv be the universal sheaf on Jq/p × Cq/p, and let E
univ
x be its direct image under
idJq/p × πx : Jq/p × Cq/p → Jq/p × P
1. Then Eunivx is a vector bundle of rank p on Jq/p × P
1. We
write the Chern classes of Eunivx in terms of Ku¨nneth decomposition ci(E
univ
x ) = di⊗ 1+ ei⊗ [P
1],
where di ∈ H
2i(Jq/p) (in fact di = 0) and ei ∈ H
2i−2(Jq/p). In Section 3 we show:
Theorem 1.1.2. The cohomology ring H∗(Jq/p) is generated by e2, · · · , ep as a Q-algebra.
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Note that Cq/p admits a Gm-action given by Gm ∋ t : (x, y) 7→ (t
px, tqy), which induces
an action on Jq/p. In this paper we denote this Gm by Gm(q/p). We may then consider the
equivariant cohomology H∗Gm(Jq/p). The localized equivariant cohomology of Jq/p (namely when
the equivariant parameter ǫ ∈ H2Gm(pt) is inverted) is easy to compute by passing to the fixed
points, and the corresponding generation statement readily follows. The generation statement in
the non-equivariant case is much more subtle: the proof uses the geometry of moduli spaces of
Higgs bundles and the corresponding generation statement there following the work of Hausel-
Thaddeus [HT] and Markman [M1].
We give a presentation of the equivariant cohomology ring of Jq/p.
Theorem 1.1.3 (See Proposition 4.2.1). We have a graded ring isomorphism
Q[ǫ, e2, · · · , ep, f2, · · · , fq]/I
sat
q/p
∼= H∗Gm(Jq/p)
where ǫ is the equivariant parameter, and Isatq/p is the ǫ-saturation of the ideal generated by the
coefficients (for the variable z) in the expression
q−1∏
j=0
A(z + jpǫ)−
p−1∏
i=0
B(z + iqǫ),
where
A(z) = zp +
1
2
pq(p− 1)zp−1 +
p∑
i=2
pǫeiz
p−i; B(z) = zq +
1
2
pq(q − 1)zq−1 +
q∑
j=2
qǫfjz
q−j.
We declare that ei has degree 2i− 2 (2 ≤ i ≤ p) and fi has degree 2j − 2 (2 ≤ j ≤ q).
1.1.4. The perverse filtration on H∗(Jq/p). For any locally planar curve C, there is an increasing
filtration P≤i on the cohomology H
∗(Jac(C)) of the compactified Jacobian of C. This filtration
was introduced by Maulik and the second-named author in [MY], and we call it the perverse
filtration. The construction of the perverse filtration will be recalled in Section 5.3. It uses the
extra choice of a deformation of the curve satisfying certain conditions, but the resulting filtration
is independent of such deformations. For smooth curves, the perverse filtration is simply induced
by the cohomological grading.
Theorem 1.1.5. The perverse filtration on H∗(Jq/p) is multiplicative under the cup product. In
other words, for i, j ∈ Z we have
P≤iH
∗(Jq/p) ∪ P≤jH
∗(Jq/p) ⊂ P≤i+jH
∗(Jq/p).
For the proof, we introduce a “Chern filtration” C≤∗H
∗(Jq/p) using polynomials of the equi-
variant Chern classes of Eunivx , which is obviously by definition. We then show that the perverse
filtration P≤∗ coincides with the Chern filtration C≤∗ using results from [OY], which ultimately
relies on the rational Cherednik algebra action on the equivariant cohomology of affine Springer
fibers. We will discuss this connection in Section 1.2.
1.1.6. Comparison with Oq/p. Consider the moduli space M
rig
1 (P
1, Cq/p) over Q classifying rigid-
ified maps from P1 to Cq/p. This is a fat point whose coordinate ring we denote by Oq/p (a local
artinian ring with residue field Q) . The action of Gm on Cq/p induces an action onM
rig
1 (P
1, Cq/p),
hence a grading Oq/p = ⊕j∈ZOq/p[j]. We propose the following conjecture relating H
∗(Jq/p) and
Oq/p.
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Conjecture 1.1.7. Let m ⊂ Oq/p be the maximal ideal. Then for any i, j ∈ Z there is a canonical
isomorphism
GrPj H
2i(Jq/p) ∼= Gr
j−i
m Oq/p[j].
Moreover, these isomorphisms are compatible with the ring structures on both sides (the ring
structure on the left side is guaranteed by the multiplicativity of the perverse filtration as shown
in Theorem 1.1.5).
This conjecture says that the rings H∗(Jq/p) and Oq/p have a common degeneration in a precise
way. We have the following partial results towards the above conjecture.
Theorem 1.1.8. (1) There is an increasing filtration {F≤iOq/p} on Oq/p, compatible with
the grading and multiplicative with respect to the ring structure on Oq/p, such that there
are canonical isomorphisms for i, j ∈ Z≥0
GrPj H
2i(Jq/p) ∼= Gr
F
i Oq/p[j].
Moreover, these isomorphisms are compatible with the ring structures on both sides.
(2) We have
(1.1) F≤iOq/p[j] ⊃ m
j−i ∩ Oq/p[j]
for all i, j ∈ Z≥0 (when j < i, we understand m
j−i = Oq/p). The equality holds if and
only if for all i ≥ 0
(1.2) dimH2i(Jq/p) = dimGr
δ−i
m Oq/p, where δ = (p− 1)(q − 1)/2.
From the above theorem we immediately get
Corollary 1.1.9. Conjecture (1.1.7) holds if and only if (1.2) holds for all i ≥ 0.
The proof Theorem 1.1.8 is by observing the similarities between a presentation of Oq/p (given
in [FGS]) and the presentation of H∗(Jq/p) given in Theorem 1.1.3 above. In fact, there is an
algebra R over the two variable polynomial ring Q[ǫ, s] whose various specializations recover
Hǫ=1(Jq/p), H
∗(Jq/p) and Oq/p. We also make the following observation.
Theorem 1.1.10. Conjecture 1.1.7 holds if the ring R introduced in Section 4.1.1 is flat over
Q[ǫ, s].
In the special case q = kp + 1, we relate Conjecture 1.1.7 to rational Cherednik algebras and
the punctual Hilbert scheme. We formulate Conjecture 6.2.1 which gives a character formula for
a finite dimensional representation of the spherical rational Cherednik algebra in terms of the
punctual Hilbert scheme; this character formula implies Conjecture 1.1.7.
1.2. Relation with affine Springer fibers. The compactified Jacobian Jq/p has several other
incarnations that are useful in our proof and in applications. These incarnations can be summa-
rized into the following diagram
GrSLp Sp
Gr
q/p
? _oo ∼ // Xq/p // Jq/p
  // MSLp
Here Xq/p is the moduli space of C[[t
p, tq]]-lattices inside C((t)) with a fixed volume. There is a
natural map Xq/p → Jq/p which is a homeomorphism. We can realize Xq/p as an affine Springer
fiber SpGrq/p inside the affine Grassmannian GrSLp for the group SLp. At the right end of the
diagram, we realize Jq/p as a fiber of the Hitchin fibration for the moduli space MSLp of stable
(twisted) Higgs bundles of rank p over a weighted projective curve. We remark that the roles of
p and q are symmetric: we may as well fit GrSLq and MSLq in the above diagram.
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The incarnation of Jq/p as a Hitchin fiber allows us to use global geometric argument in [HT]
and [M1] to prove the generation statement (Theorem 1.1.2). The incarnation of Jq/p as an
affine Springer fiber allows us to use the results of [VV] and [OY] to see the double affine Hecke
symmetry on its cohomology, which plays a key role in the proof of the multiplicativity of the
perverse filtration (Theorem 1.1.5).
The affine Springer fiber SpGrq/p has a close relative Spq/p in the affine flag variety (see Sec-
tion 2.4.3). There is a natural projection Spq/p → Sp
Gr
q/p → Jq/p. Also there are tautological line
bundles L1, · · · ,Lp on Spq/p which are restrictions of line bundles on the affine flag variety (see
Section 2.4.3). We prove an analogue of Theorem 1.1.2 for Spq/p.
Theorem 1.2.1. The cohomology ring H∗(Spq/p) is generated by the pullbacks of e2, · · · , ep and
the Chern classes c1(L1), · · · , cp(Lp) over Q.
In Section 4.3, we propose a conjectural description of the relations defining H∗(Spq/p) (Con-
jecture 4.3.1) which is an analogue of Theorem 1.1.3. We prove a weak version of this conjecture,
see Proposition 4.3.2.
1.3. Other conjectures. We make several other speculations that are scattered in the main
body of the paper.
In Section 3.4, we construct a smooth variety that homotopy retracts to Jq/p. We then conjec-
ture that this smooth model of Jq/p should be Poisson and we give a conjectural description of
its symplectic leaves. We speculate that this smooth model is related to a certain wild character
variety.
In Section 7 we formulate weak versions of Conjecture 1.1.7 for toric curve singularities, see
Conjecture 7.1.1, and for planar curve singularities, see Conjecture 7.2.1.
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2. Geometry of Cq/p and Jq/p
2.1. The curve Cq/p. Let p and q be a pair of coprime positive integers. Let P(1, p, q) be the
weighted projective plane obtained as the quotient of A3 − {0} by the action of Gm given by
t · (z0, z1, z2) = (tz0, t
pz1, t
qz2), where t ∈ Gm and (z0, z1, z2) ∈ A
3. The equation zq1 − z
p
2 defines
a curve Cq/p ⊂ P(1, p, q). Let ∞C = [0 : 1 : 1] ∈ Cq/p. Then the complement Cq/p − {∞C} is the
affine plane curve with affine coordinates x = z1/z
q
0 , y = z2/z
p
0 and given by the equation x
q− yp.
The only singularity of Cq/p is at (x, y) = (0, 0), i.e., the point [1 : 0 : 0] ∈ P(1, p, q).
We fix the normalization map φ0 : P
1 → Cq/p given in affine coordinates by t 7→ (t
q, tp). Then
φ(∞) = ∞C . There is an action of Gm on Cq/p given by t · (x, y) = (t
px, tqy). We denote this
one-dimensional torus by Gm(q/p).
2.2. The moduli space of maps from P1. Consider the moduli functor M1(P
1, Cq/p) on Q-
algebras classifying degree 1 maps from P1 to Cq/p. The automorphism group of P
1 acts on
M1(P
1, Cq/p), and the reduced structure of M1(P
1, Cq/p) is a torsor under PGL2 = Aut(P
1)
because any degree one map P1 → Cq/p must be the normalization map.
We define a slice of this action. Let M1((P
1,∞), (Cq/p,∞C)) be the moduli space of maps
P1 → Cq/p that maps ∞ to ∞C . For any Q-algebra A, an A-point φ of M1((P
1,∞), (Cq/p,∞C))
is the same as a Q-linear ring homomorphism φ∗ : Γ(Cq/p − {∞C},OC) = Q[t
p, tq] → A[t] such
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that if f ∈ Q[tp, tq] has degree n > 0 in t, then φ∗(f) ∈ A[t] also has degree n with leading
coefficient in A×. The base point φ0 corresponds to the tautological embedding Q[t
p, tq] →֒ Q[t].
Now letM rig1 (P
1, Cq/p) ⊂M1((P
1,∞), (Cq/p,∞C)) be the subscheme whose R-points consist of
φ : P1R → Cq/p as above such that, in addition, φ
∗(f)−f has degree ≤ n−2 for if degt(f) = n > 0.
Then the reduced structure of M rig1 (P
1, Cq/p) consists of one point φ0. The ring of regular
functions
Oq/p := O(M
rig
1 (P
1, Cq/p))
is a local artinian ring with residue field Q.
The Gm(q/p)-action on Cq/p induces one on M
rig
1 (P
1, Cq/p), hence a grading on its coordinate
ring Oq/p. We denote this grading by Oq/p = ⊕j∈ZOq/p[j].
An R-point φ of M rig1 (P
1, Cq/p) is determined by the elements φ
∗(tp) and φ∗(tq). We write
φ∗(tp) = tp +
p∑
i=2
eit
p−i,
φ∗(tq) = tq +
p∑
i=2
fit
q−i.
Then ei, fi ∈ R vary with φ. Therefore ei and fi can be viewed as elements in Oq/p homogeneous
of degree i.
We recall the following presentation of the coordinate ring Oq/p.
Proposition 2.2.1 (Beauville, see [FGS, Section G]). (1) There is an isomorphism of graded
rings
Oq/p ∼= Q[e2, . . . , ep, f2, . . . , fq]/IO
where IO is the homogeneous ideal generated by the coefficients of w of
(1 + e2w
2 + · · ·+ epw
p)q = (1 + f2w
2 + · · ·+ fqw
q)p.
(2) The Q-algebra Oq/p is a complete intersection, and
dimQOq/p =
1
p+ q
(
p+ q
p
)
.
(3) There is an isomorphism of graded rings
Oq/p ∼= Q[e2, . . . , ep]/(gq+1, · · · , gp+q−1)
where gq+i is the coefficient of w
q+i of the Taylor expansion of
(1 + e2w
2 + · · ·+ epw
p)q/p
at w = 0.
Proof. (1) As tp and tq generate Q[tp, tq], an R-point φ of M rig1 (P
1, Cq/p) is determined by the
coefficients of φ∗(tp) and φ∗(tq). Therefore ei, 2 ≤ i ≤ p and fj, 2 ≤ j ≤ q generate Oq/p.
The only relation that φ∗(tp) and φ∗(tq) need to satisfy is (φ∗(tp))q = φ∗(tpq) = (φ∗(tq))p.
Expanding it and extracting homogeneous parts of it gives the defining equations for Oq/p, which
generate exactly the ideal IO.
(2) Let e(w) = 1 + e2w + · · · + epw
p; f(w) = 1 + f2w + · · · + fqw
q. If we take logarithmic
derivatives of both parts of the equation e(w)q = f(w)p, we get an equivalent equation
qe′(w)f(w) = pe(w)f ′(w).
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Both sides of the above are polynomials in w of degree p+q−1 and the leading terms are the same,
and the constant terms are zero. Hence the ideal IO is generated by the coefficients of qe
′(w)f(w)−
pe(w)f ′(w) in front of w,w2 · · · , wp+q−2, which are homogeneous of degrees 2, 3, · · · , p + q − 1.
In particular, O is a complete intersection with generators in degrees 2, 3, · · · , p; 2, · · · , q, and
generators of the defining ideal in degrees 2, 3, . . . , p+ q − 1. This implies the Hilbert series∑
j≥0
dimQOq/p[j]T
j =
(1− T q+1) · · · (1− T q+p−1)
(1− T 2) · · · (1− T p)
Evaluating at T = 1 we get dimQOq/p =
1
p+q
(p+q
p
)
.
(3) Let gi ∈ Q[e2, · · · , ep] be the coefficient of e(w)
q/p in front of wi. The desired equation
e(w)q = f(w)p is equivalent to saying that e(w)q/p is a polynomial of degree ≤ q. Therefore we
have
Oq/p ∼= Q[e2, · · · , ep]/(gi,∀i > q).
Now we show that the vanishing of gq+1, · · · , gp+q−1 implies the vanishing of all gi (i > q). Indeed,
suppose φ : Q[e2, · · · , ep]/(gq+1, · · · , gp+q−1) → A is any ring homomorphism. We write e(w), gi
for the images of e(w) and gi in A. Write e(w)
q/p = f(w)+h(w), where f(w) = 1+g2w
2+· · ·+gqw
q
and h(w) =
∑
j>q gjw
j . Then e(w)q = (f(w) + g(w))p, which implies qe′(w)(f (w) + h(w)) =
pe(w)(f
′
(w) + h
′
(w)) ∈ A[[w]] by taking logarithmic derivatives. Equivalently,
qe′(w)f(w) − pe(w)f
′
(w) = −qe′(w)h(w) + pe(w)h
′
(w).
Now the LHS has degree ≤ p+q−2 while all terms on the RHS have degree ≥ p+q−1. Therefore
both sides must vanish. The vanishing of the LHS implies f(w) = e(w)q/p hence h(w) = 0, i.e.,
gi = 0 for all i ≥ p+ q. 
2.3. The geometry of Jq/p. Recall Jq/p = Jac(Cq/p) is the compactified Jacobian of Cq/p
rigidified at ∞C . Below we introduce a related moduli space which will be turn out to be an
affine Springer fiber.
2.3.1. The moduli spaces Xq/p. Consider the functor Xq/p on commutative C-algebras whose
value on R is the set of R[[tp, tq]]-submodules M ⊂ R((t)) such that there exists N > 0 such that
(1) tNR[[t]] ⊂M ⊂ t−NR[[t]];
(2) M/tNR[[t]] is a projective R-module of rank equal to the rank of R[[tp, tq]]/tNR[[t]].
Then Xq/p is represented by an ind-scheme. The scaling action Gm on t induces an R-linear ring
automorphism of R[[tp, tq]] for any R, hence we get a Gm-action on Xq/p. We also denote this Gm
by Gm(q/p).
2.3.2. Relation between Xq/p and Jq/p. We will relate Xq/p and Jq/p via a third space J˜q/p and
two maps
J˜q/p
λ
}}③③
③③
③③
③③ ω
!!❈
❈❈
❈❈
❈❈
❈
Xq/p Jq/p
Let J˜q/p be the sheafification of the functor whose R-points consists of pairs (L, τ) where L is a
torsion-free rank one coherent sheaf on Cq/p ⊗R with the same fiberwise degree as the structure
sheaf of Cq/p, and τ is a trivialization of L over (Cq/p − {0}) ⊗ R. We have a forgetful map
ω : J˜q/p → Jq/p by restricting the trivialization τ to ∞C to get the rigidification. Then ω is a
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homeomorphism because when R is a field, a trivialization of a line bundle on (Cq/p−{0})⊗R ∼=
A1R is the same as a trivialization of it at the point ∞C,R. On the other hand, we have an
isomorphism λ : J˜q/p → Xq/p which on the level of R-points sends (L, τ) to the restriction
L|SpecR((t)) of L in the punctured formal disk around 0C,R, which is embedded into R((t)) using
the trivialization τ . Both maps λ and ω are Gm(q/p)-equivariant (the Gm(q/p)-action on J˜q/p is
induced from that on Cq/p). In conclusion, we have a Gm(q/p)-equivariant homeomorphism
1
(2.1) µ : Xq/p → Jq/p.
2.3.3. Torus fixed points in Xq/p. The Gm(q/p)-fixed points on Xq/p are indexed by those M ⊂
C((t)) topologically spanned by powers of t. Let 〈p, q〉 ⊂ Z be the submonoid generated by p and
q. For any such M ∈ X
Gm(q/p)
q/p let σM = {n ∈ Z|t
n ∈ M}, then σM ⊂ Z is a 〈p, q〉-module.
The condition on the volume of M implies that σM − σM ∩ 〈p, q〉 has the same cardinality as
〈p, q〉 − σM ∩ 〈p, q〉. Let Σq/p be the set of 〈p, q〉-submodule of Z satisfying the conditon that
#(σ−σ∩〈p, q〉) = #(〈p, q〉−σ∩〈p, q〉). Then for any σ ∈ Σq/p, letMσ be the C[[t
p, tq]]-submodule
of C((t)) generated by tn, n ∈ σ. Then Mσ is a Gm(q/p)-fixed point of Xq/p. Therefore, the maps
M 7→ σM and σ 7→Mσ are inverse to each other and they give a bijection
X
Gm(q/p)
q/p ↔ Σq/p.
For each σ ∈ Σq/p and 0 ≤ i ≤ p, let ai be the smallest element in σ congruent to i modulo p;
we call {a0, · · · , ap−1} the p-basis for σ. Similarly we define the q-basis {b0, · · · , bq−1} for σ. The
condition #(σ − σ ∩ 〈p, q〉) = #(〈p, q〉 − σ ∩ 〈p, q〉) implies
(2.2)
p−1∑
i=0
ai = pq(p− 1)/2;
q−1∑
j=0
bj = pq(q − 1)/2.
By [LS, Theorem 2(i)] (our set Σq/p is in bijection with the set Zp,q defined in [LS, Section 4]),
we have
(2.3) #X
Gm(q/p)
q/p = #Σq/p =
1
p+ q
(
p+ q
p
)
.
2.3.4. By [LS, Theorem 2(ii)], for each Gm(q/p)-fixed point of Xq/p indexed by σ ∈ Σq/p, the
corresponding attracting subset Cσ is an affine space. In particular, Xq/p has a partition into
affine spaces, hence the cohomology of Xq/p (or Jq/p) is concentrated in even degrees, pure and
Tate.
2.4. Relation with affine Springer fibers.
2.4.1. Xq/p as an affine Springer fiber. Let G = SLp, g = slp and let GrG = G((x))/G[[x]] be the
affine Grassmannian of G. Let γq/p ∈ g((x)) which under the standard basis v0, · · · , vp−1 is given
by γq/p(vi) = vi+1 for 0 ≤ i ≤ p − 2 and γq/p(vp−1) = x
qv0. The characteristic polynomial of
γq/p is P (y) = y
p − xq. We denote by SpGrq/p the affine Springer fiber associated to γq/p, whose
C-points are
SpGrq/p(C) = {g ∈ G(C((x)))/G(C[[x]])|Ad(g
−1)(γq/p) ∈ g[[x]]}.
1The map µ is not an isomorphism for two reasons: first, the ind-schemeXq/p is highly non-reduced; second, even
if we pass to the reduced structure of Xq/p, it may be non-isomorphic to Jq/p. For example, when (p, q) = (2, 3),
we have Xredq/p
∼= P1 while Jq/p is isomorphic to the curve Cq/p with a cusp.
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Lemma 2.4.2. There is a canonical isomorphism
SpGrq/p
∼= Xq/p.
Combining with (2.1) we have a canonical homeomorphism
(2.4) SpGrq/p → Jq/p.
Proof. Let V = C((x))v0 ⊕ · · · ⊕ C((x))vp−1 be the standard representation of G tensored with
C((x)). Let Λ† = C[[x]]v0 ⊕ · · · ⊕ C[[x]]vp−1 ⊂ V . Recall that GrG classifies C[[x]]-submodules of V
of rank n. As a subspace of GrG, Sp
Gr
q/p classifies lattices Λ ⊂ V such that γq/pΛ ⊂ Λ and that
dim(Λ/Λ∩Λ†) = dim(Λ†/Λ∩Λ†). Consider the isomorphism V
∼
→ C((t)) sending xjvi to t
pj+qi, for
j ∈ Z, 0 ≤ i ≤ p−1. Under this isomorphism, the action of γq/p on V becomes the multiplication
by tq on C((t)). Then a C[[x]]-lattice Λ in V stable under γq/p is the same as a C[[t
p, tq]]-lattice M
in C((t)). Moreover, the condition dim(Λ/Λ∩Λ†) = dim(Λ†/Λ∩Λ†) is equivalent to the condition
(2) in Section 2.3.1. Therefore SpGrq/p is canonically isomorphic to Xq/p. 
The isomorphism (2.4) will enable us to use results from [OY] to study the cohomology of Jq/p.
2.4.3. Affine Springer fiber in the affine flag variety. A variant of SpGrq/p is the affine Springer
fiber Spq/p of γq/p in the affine flag variety FlG of G = SLp. It classifies chains of C[[x]]-lattices
Λ• : Λ0 = xΛp ⊂ Λ1 ⊂ · · · ⊂ Λp−1 ⊂ Λp in V such that each Λi is stable under γq/p, Λp ∈ Sp
Gr
q/p
and dim(Λi/Λi−1) = 1 for 1 ≤ i ≤ p. By identifying V with C((t)), we may Spq/p also classifies
chains of C[[tp, tq]]-lattices Λ• : Λ0 = t
pΛp ⊂ Λ1 ⊂ · · · ⊂ Λp−1 ⊂ Λp inside C((t)) such that
Λp ∈ Xq/p.
For 1 ≤ i ≤ p, Spq/p carries a Gm(q/p)-equivariant line bundle Li whose fiber at Λ• is Λi/Λi−1.
We may analyze the Gm(q/p)-fixed points on Spq/p as in Section 2.3.3. Let Σ˜q/p be the set of
ordered p-tuples (d1, d2, · · · , dp) ∈ Z
p such that
• The residue classes of {d1, · · · , dp} modulo p are distinct (hence exhausting all residue
classes mod p).
• For each 1 ≤ i ≤ p, di+q is in the pZ≥0-module generated by di−1, · · · , d1, dp+p, · · · , di+p.
For d = (d1, d2, · · · , dp) ∈ Σ˜q/p and 1 ≤ i ≤ p, we define a (p, q)-module σi(d) generated by
di−1, · · · , d1, dp+ p, · · · , di+ p. Let Λi(d) be the C[[t
p, tq]]-submodule of C((t)) generated by tn for
n ∈ σi(d). Then Λ•(d) : Λ0(d) = t
pΛp(d) ⊂ Λ1(d) ⊂ · · · ⊂ Λp−1(d) ⊂ Λp(d) is a Gm(q/p)-fixed
point of Spq/p. The map d 7→ Λ•(d) gives a bijection
Sp
Gm(q/p)
q/p ↔ Σ˜q/p.
3. The cohomology rings of Jq/p and Spq/p: generators
The goal of this section is to prove Theorems 1.1.2 and 1.2.1. The argument involves passing
to certain moduli spaces of global flavor, namely moduli space of stable Higgs bundles on the
weighted projective line.
3.1. Generators for the cohomology ring of the moduli of stable Higgs bundles. In
this subsection we consider the Hitchin moduli space Mr,d of stable Higgs bundles over a curve
X. Hausel-Thaddeus [HT] proved that the Ku¨nneth components of the Chern classes of the
universal bundle generate the cohomology ring of Mr,d. This was shown by a different method
by Markman [M1], using a result of Beauville [B1].
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For our application, we need the case where X is a weighted projective line, which is not
covered by the literature. In the following we work with Deligne-Mumford curves and extend
Markman’s argument for the generation statement to such generality. The generation result will
then be used to prove the generation result for Jq/p and Spq/p in the next subsection.
3.1.1. Moduli of Higgs bundles. Let X be an irreducible smooth proper Deligne-Mumford curve.
Let L be a line bundle over X. An L-valued Higgs bundle over X is a pair (E , ϕ) where E is a
vector bundle over X and ϕ : E → E ⊗L. Now fix a line bundle ∆ on X. For r ∈ Z≥1 and d ∈ Q,
let Mr,∆(X,L) be the moduli stack of triples (E , ϕ, ι) where (E , ϕ) is an L-valued Higgs bundles
on X of rank r, and ι is an isomorphism det(E) ∼= ∆.
We have the notion of slope stability for Higgs bundles by considering Higgs subbundles (those
preserved by ϕ) instead of all subbundles. Therefore we get an open substack Msr,∆(X,L) ⊂
Mr,d(X,L) consisting of stable L-valued Higgs bundles on X.
Nitsure’s construction of the coarse moduli spaces of stable (resp. semistable) Higgs bundles
over an algebraic curve in [N] works in the case of a Deligne-Mumford curve. In particular, we
get a quasi-projective moduli space M sr,∆(X,L) of stable L-valued Higgs bundles on X of rank r
and determinant ∆. We remark that from Nitsure’s construction via geometric invariant theory,
M sr,∆(X,L) is the coarse moduli space of M
s
r,∆(X,L), and the natural map ω : M
s
r,∆(X,L) →
M sr,∆(X,L) is a µr-gerbe. In particular, M
s
r,∆(X,L) is a Deligne-Mumford stack all of whose
points have automorphism group µr (acting by scalar multiplication on Higgs bundles).
3.1.2. Moduli of parabolic Higgs bundles. Fix a point x0 ∈ X. An L-valued Higgs bundle over X
with a parabolic structure at x0 is a triple (E , ϕ, F•Ex0) where (E , ϕ) is an L-valued Higgs bundle
and 0 = F0Ex0 ⊂ F1Ex0 ⊂ · · · ⊂ Fr−1Ex0 ⊂ FrEx0 = Ex0 is a full flag of the fiber of E at x0 (where
r is the rank of E) such that ϕx0(FiEx0) ⊂ FiEx0 ⊗Lx0 for all i. For the a line bundle ∆ on X, we
define Mparr,∆,x0(X,L) to be the moduli stack of quadruples (E , ϕ, F•Ex0 , ι) where (E , ϕ, F•Ex0) is
an L-valued Higgs bundles with parabolic structure at x0 over X of rank r, and ι : det(E) ∼= ∆.
We often abbreviate Mparr,∆,x0(X,L) by M
par
r,∆(X,L) when x0 is fixed in the context. There is a
forgetful map
ν :Mparr,∆(X,L)→Mr,∆(X,L).
The fiber of ν over (E , ϕ, ι) consists of full flags of the vector space Ex0 stable under ϕx0 . Therefore
the fibers of ν are Springer fibers for the group GLr. In particular, ν is representable and proper.
We define Mpar,sr,∆ (X,L) to be the preimage of M
s
r,∆(X,L) under ν. Similarly we have the
coarse moduli space Mpar,sr,∆ (X,L) such that the natural map M
par,s
r,∆ (X,L) → M
par,s
r,∆ (X,L) is a
µr-gerbe.
Proposition 3.1.3. (1) Suppose degL > degωX , then the stackM
s
r,∆(X,L) and the scheme
M sr,∆(X,L) are smooth.
(2) Suppose degL ≥ degωX + 1, then the stack M
par,s
r,∆ (X,L) and the scheme M
par,s
r,∆ (X,L)
are smooth.
Proof. (1) SinceMsr,∆(X,L) is a µr-gerbe overM
s
r,∆(X,L), it suffices to show thatM
s
r,∆(X,L) is
smooth. We will show that the semistable locusMssr,∆(X,L) is smooth, i.e.,Mr,∆(X,L) is smooth
at any semistable point (E , ϕ). The argument is borrowed from Nitsure [N, Proof of Proposition
7.1]. The obstruction to smoothness lies in H2(X,K) where K is the complex End0(E)
[ϕ,−]
−−−→
End(E)⊗L placed in degrees 0 and 1, and End0(E) is the sheaf of trace-free endomorphisms of E .
By Serre duality, H2(X,K) is dual to H0(X,K′) where K′ is End(E)⊗L−1⊗ωX
[ϕ,]
−−→ End0(E)⊗ωX
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placed in degrees 0 and 1. Now H0(X,K′) consists of maps ψ : E → E⊗L−1⊗ωX commuting with
ϕ. However (E ⊗L−1⊗ωX , ϕ⊗1⊗1) is a stable Higgs bundle with slope µ(E)−degL+degωX <
µ(E), such ψ must be zero. Therefore the obstruction vanishes, hence Mr,∆(X,L) is smooth at
(E , ϕ).
(2) Again it suffices to show that Mpar,sr,∆ (X,L) is smooth, i.e., M
par
r,∆(X,L) is smooth at any
point (E , ϕ, F•Ex0) whenever (E , ϕ) is stable. Similar calculation shows that the obstruction to
smoothness lies in H2(X,P) where Kpar is the complex End′0(E)
[ϕ,]
−−→ End′(E) ⊗ L (in degrees
0 and 1), and End′0(E) ⊂ End0(E) is the subsheaf preserving the flag F•Ex0 . By Serre duality,
H2(X,Kpar) is dual to H0(X,P ′) where P ′ is the complex End′′(E)⊗L−1⊗ωX(x0)
[ϕ,−]
−−−→ End′′0(E)⊗
ωX(x0), and End
′′(E) ⊂ End′(E) (resp. End′′0(E) ⊂ End
′
0(E)) is the subsheaf of those local
endomorphisms of E sending FiEx0 to Fi−1Ex0 for all 1 ≤ i ≤ r. An element ψ ∈ H
0(X,P ′) is
then a map ψ : E → E ⊗ L−1 ⊗ ωX(x0) commuting with ϕ and sending FiEx0 to Fi−1Ex0 . If
degL > degωX + 1, the same argument as in (1) shows that ψ = 0. If degL = degωX + 1, the
argument there forces any nonzero ψ to be an isomorphism, which contradicts the fact that ψx0
is nilpotent. Again we have shown that the obstruction vanishes. 
Let (Euniv, ϕuniv) be the universal Higgs bundle over Mr,∆(X,L)×X. We consider the Chern
classes ci(E
univ) ∈ H2i(Msr,∆(X,L)×X), i = 1, · · · , r. We may talk about the Ku¨nneth compo-
nents of ci(E
univ) in H∗(Msr,∆(X,L)).
For a scheme M over C and each n ∈ Z, define
Hn(M)pur := Gr
W
n H
n(M)
under the mixed Hodge structure on Hn(M). When M is smooth, GrWn H
n(M) =WnH
n(M) is a
subspace of Hn(M), hence the direct sum
H∗(M)pur =
⊕
n∈Z
Hn(M)pur
is a subalgebra of H∗(M). Chern classes of vector bundles as well as cycle classes on a smooth
scheme M always lie in H∗(M)pur.
Theorem 3.1.4 (Hausel-Thaddeus [HT], Markman [M1]). Suppose degL > degωX . Let M
′ ⊂
Msr,∆(X,L) be any open substack such that the universal bundle descends to a bundle E
univ on
M ′ ×X, where M ′ is the coarse moduli space of M′. Then the pure part of the cohomology ring
H∗(M ′)pur is generated by the Ku¨nneth components of the universal Chern classes ci(E
univ) ∈
H2i(M ′ ×X), 1 ≤ i ≤ r, as a Q-algebra.
Proof. Whether or not Euniv descends to the coarse moduli space, the bundle End(Euniv) always
descends for the pointwise automorphism group µr acts trivially on it. When E
univ descends to
bundle Euniv on M ′ × X, the universal Higgs field ϕuniv also descends to M ′ × X since it is a
section of End(Euniv)⊗ L on M ′ ×X.
We have a two term complex Huniv on M ′ ×M ′ ×X concentrated in degrees 0 and 1:
Huniv = [Hom(π∗13E
univ, π∗23E
univ)
δ
−→ Hom(π∗13E
univ, π∗23E
univ)⊗ π∗3L]
Here π12 : M
′ ×M ′ ×X → M ′ ×X is the projection to the first two factors, etc. The map δ is
given by
h 7→ (h⊗ idL) ◦ π
∗
13ϕ
univ − (π∗23ϕ
univ ⊗ idL) ◦ h.
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For two Higgs bundles (E , ϕ) and (F , ψ) inM ′, the restriction of Huniv to {(E , ϕ)}×{(F , ψ)}×X
is the complex on X
H(E,ϕ),(F ,ψ) := [Hom(E ,F)
δ(ϕ,ψ)
−−−−→ Hom(E ,F) ⊗ L]
where the map δ(ϕ,ψ) is h 7→ (h⊗ idL) ◦ ϕ− (ψ ⊗ idL) ◦ h.
Claim 3.1.5. For any two Higgs bundles (E , ϕ) and (F , ψ) in M ′, Hi(X,H(E,ϕ),(F ,ψ)) = 0 for
i ≥ 2.
Proof of Claim. We abbreviate H(E,ϕ),(F ,ψ) by H. Clearly H
i(X,H) = 0 for i ≥ 3 because H is
in degrees ≤ 1 and X has dimension 1. By Serre duality, we have H2(X,H) ∼= H0(X,H′)∗, where
H′ is the two term complex in degrees 0 and 1
H′ = [Hom(F , E) ⊗ L−1 ⊗ ωX
δ(ψ,ϕ)
−−−−→ Hom(F , E) ⊗ ωX ].
An element h ∈ H0(X,H′) is then a map h : F → E⊗L−1⊗ωX that intertwines ψ and ϕ⊗1⊗1, i.e.,
a Higgs bundle map. Since E⊗L−1⊗ωX is stable with slope µ(E)−degL+degωX < µ(E) = µ(F),
h must be zero. Hence H2(X,H) = 0 by duality. 
Claim 3.1.6 (Beauville [B1]). Let m = dimM ′. Then cm(Rπ12,∗H
univ) ∈ H2m(M ′ ×M ′) is the
cycle class of a cycle supported on the diagonal ∆(M ′), with positive coefficient on each irreducible
component of ∆(M ′).
Proof of Claim. By the previous Claim, Rπ12,∗H
univ is quasi-isomorphic to a two-term complex
of vector bundles K0
u
−→ K1 on M ′ × M ′. For a point ξ = ((E , ϕ), (F , ψ)) ∈ M ′ × M ′, we
have ker(K0(ξ)
u(ξ)
−−→ K1(ξ)) = HomX((E , ϕ), (F , ψ)) which is nonzero if and only if (E , ϕ) ∼=
(F , ψ). Therefore the degeneracy locus of u is exactly ∆(M ′). This means u is injective. Hence
Rπ12,∗H
univ is quasi-isomorphic to a coherent sheaf Q on M ′ ×M ′ which is locally has a two
term resolution K0
u
−→ K1 by locally free sheaves. Hence the degeneracy locus of u (i.e., ∆(M ′))
has the expected codimension m = rkK1 − rkK0 + 1. Thom-Porteous formula (see [F, Theorem
14.4(a)(b)]) then shows that cm(Rπ12,∗H
univ) is the class of a cycle supported on ∆(M ′) with
positive coefficients on each irreducible component of ∆(M ′). 
Let H∗(M ′)ch be the subalgebra generated by the Ku¨nneth components of ci(E
univ), i = 1, · · · , r.
Our goal is to show that H∗(M ′)ch = H
∗(M ′)pur. Let H
∗(M ′)∆ be the linear subspace spanned
by the Ku¨nneth components of the cycle class cl(∆(M ′)) ∈ H2m(M ′ ×M ′).
We first show that H∗(M ′)∆ ⊂ H
∗(M ′)ch. By the Grothendieck-Riemann-Roch formula, the
Chern character of Rπ12,∗H
univ is expressed as
(3.1) ch(Rπ12,∗H
univ) = π12,∗(ch(H
univ) · π∗XToddX).
Clearly, ch(Huniv) can be expressed as a polynomial of π∗13ci(E
univ) and π∗23ci(E
univ). There-
fore (3.1) implies that ch(Rπ12,∗H
univ) ∈ H∗(M ′ ×M ′) can be expressed as
∑
j αj ⊗ βj under
the Ku¨nneth decomposition, where αj , βj ∈ H
∗(M ′)ch. In particular, cm(Rπ12,∗H
univ) can be
expressed as
∑
j αj ⊗ βj for αj , βj ∈ H
∗(M ′)ch. By the above Claim, cl(∆(M
′)) can also be
expressed in the same form. In other words, we have H∗(M ′)∆ ⊂ H
∗(M ′)ch.
Finally, it suffices to show that H∗(M ′)∆ = H
∗(M ′)pur. Let ι : M
′ →֒ M
′
be an arbitrary
smooth compactification of M ′. By Deligne [D1, Corollaire 3.2.17], the restriction map ι∗ :
H∗(M
′
) → H∗(M ′)pur is surjective. Since M
′
is smooth and proper, the Ku¨nneth components
of the diagonal class span H∗(M
′
) (as a vector space). Since the class of ∆(M
′
) restricts to
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that of ∆(M ′) under the map ι∗, we have H∗(M ′)∆ = H
∗(M ′)pur. Together with the preceding
discussion, we have H∗(M ′)ch = H
∗(M ′)pur. 
3.1.7. The parabolic case of generation. Now we consider an analogue of Theorem 3.1.4 for the
moduli space of parabolic Higgs bundles.
Let Eunivx0 denotes the restriction of E
univ to Mr,∆(X,L)×{x0}. Then the pullback of E
univ
x0 to
Mparr,∆(X,L) carries a universal filtration F•E
univ
x0 . Therefore we get line bundles on M
par
r,∆(X,L)
Lunivi = FiE
univ
x0 /Fi−1E
univ
x0 , i = 1, 2, · · · , r.
Let M′ ⊂ Msr,∆(X,L) be an open substack such that the universal bundle E
univ descends to
a bundle Euniv on M ′ ×X, where M ′ is the coarse moduli space of M′. Let M ′par (resp. M′par)
be the preimage of M ′ in Mpar,sr,∆ (X,L) (resp. M
′ in Mpar,sr,∆ (X,L)). Then M
′par is a closed
subscheme of the flag bundle associated to the bundle Eunivx0 , the restriction of E
univ to M ′×{x0}.
In particular, the (restrictions of the) line bundles Lunivi on M
′par descend to M ′par. We denote
these descents still by Lunivi .
Theorem 3.1.8. Suppose degL ≥ degωX + 1. Let M
′ ⊂Msr,∆(X,L) be an open substack such
that the universal bundle Euniv descends to a bundle Euniv on M ′ × X, where M ′ is the coarse
moduli space of M′. Let M ′par be the preimage of M ′ in Mpar,sr,∆ (X,L). Then the pure part
of the cohomology ring H∗(M ′par)pur is generated by the pullbacks of the Ku¨nneth components
of the universal Chern classes ci(E
univ) ∈ H2i(M ′ ×X) (1 ≤ i ≤ r) and the Chern classes
c1(L
univ
i ) ∈ H
2(M ′par)pur (1 ≤ i ≤ r) as a Q-algebra.
Proof. The main idea of the proof is similar to that of Theorem 3.1.4. We only sketch the
modifications. Instead of Huniv, we consider the complex Puniv on M ′par ×M ′par × X whose
restriction to {ξ} × {η} ×X (where ξ = (E , ϕ, F•Ex0), η = (F , ψ, F•Fx0) ∈M
′par is
Pξ,η = [Hom
′(E ,F)
δ(ϕ,ψ)
−−−−→ Hom′(E ,F) ⊗ L]
concentrated in degrees 0 and 1. Here Hom′(E ,F) ⊂ Hom(E ,F) is the subsheaf of local maps
E → F that preserve the flags at x0. The map δ(ϕ,ψ) is defined by the similar formula as in the
construction of Huniv.
We claim that Hi(X,Pξ,η) = 0 for i ≥ 2 and any ξ = (E , ϕ, F•Ex0), η = (F , ψ, F•Fx0) ∈
M ′par. By Serre duality, this boils down to showing that any map h : F → E ⊗ L−1 ⊗ ωX(x0)
intertwining ψ and ϕ and sending FiFx0 to Fi−1Ex0 must vanish. The argument is similar to that
of Proposition 3.1.3(2).
Then we have the analogue of Claim 3.1.6 with the same proof: letting m = dimM ′par, then
cm(Rπ12P
univ) ∈ H2m(M ′par ×M ′par) is the class of a cycle supported on the diagonal ∆(M ′par)
with positive coefficient on each component.
The only difference in the remaining of the argument is the following. Let π13, π23 : M
′par ×
M ′par ×X →M ′par ×X be the obvious projections.
Claim 3.1.9. The Chern classes of Rπ12,∗P
univ can be expressed as a finite linear combination∑
j αj ⊗ βj, where each of αj and βj is a polynomial in the (pullbacks of) Ku¨nneth components
of ci(E
univ) (1 ≤ i ≤ r) and in c1(L
univ
i ) (1 ≤ i ≤ r).
Proof of Claim. Let K = Hom(π∗13E
univ, π∗23E
univ), a vector bundle on M ′par ×M ′par × X. Let
K′ ⊂ K be the subsheaf preserving the flags of universal bundles at x0. By the construction of
Puniv, it suffices to show that the total Chern class c(Rπ12,∗K
′) can be expressed as a polynomial
12
of the list of Chern classes. The quotient K/K′ is supported on M ′par ×M ′par × {x0}, and is a
successive extension of Luniv,−1i ⊠ L
univ
j for 1 ≤ i < j ≤ r. Therefore
(3.2) c(Rπ12,∗K
′) = c(Rπ12,∗K)
∏
1≤i<j≤r
c(Luniv,−1i ⊠ L
univ
j )
−1.
On the other hand, c(K) is a polynomial in π∗13ci(E
univ) and π∗23ci(E
univ), hence by Grothendieck-
Riemann-Roch, c(Rπ12,∗K) ∈ H
∗(M ′par ×M ′par) can be expressed as
∑
j αj⊗βj where αj and βj
are polynomials in the Ku¨nneth components of ci(E
univ). By (3.2), c(Rπ12,∗K
′) has the desired
form. 
The rest of the argument is the same as that of Theorem 3.1.4: showing H∗(M ′par)∆ ⊂
H∗(M ′par)ch and H
∗(M ′par)∆ = H
∗(M ′par)pur. 
3.2. Generators for the cohomology rings of Jq/p and Spq/p. We shall apply the construc-
tion and results in Section 3.1 to a special case.
3.2.1. The curve X. Let X be the Deligne-Mumford curve P(p, 1) = (A2 − {(0, 0)})/Gm where
Gm acts by t · (ξ, η) = (t
pξ, tη). Then ∞X := [1, 0] ∈ X is the unique point with nontrivial
automorphism, and its automorphism group is µp.
The Picard group of X is isomorphic to Z, with ample generator denoted by OX(1/p) of degree
1/p. For q ≥ 0, Γ(X,OX(q/p)) is identified the C[ξ, η]q, the degree q part of the graded ring
C[ξ, η] (with deg ξ = p,deg η = 1).
3.2.2. Hitchin moduli for X. Let q ∈ N be coprime to p. Let L = OX(q/p) and ∆ = OX(−q(p−
1)/2) (note −q(p − 1)/2 ∈ 1pZ). As in Section 3.1.1, we consider the moduli stack Mp,∆(X,L)
and its stable locus Msp,∆(X,L).
Also we fix the point 0X := [0, 1] ∈ X. By considering flags at 0X preserved by Higgs
fields we have the moduli stack Mparp,∆(X,L) of parabolic L-valued Higgs bundles, and the open
substack Mpar,sp,∆ (X,L) as in Section 3.1.2. Since ωX
∼= O(−1 − 1/p), L = O(q/p) satisfies
degL > degωX + 1. Therefore Proposition 3.1.3, Theorem 3.1.4 and 3.1.8 are applicable.
Let A :=
∏p
i=1 Γ(X,L
⊗i) as an affine space over C. The C-points of A is the vector space
⊕pi=1C[ξ, η]iq. Then we have the Hitchin fibration
f :Mp,∆(X,L)→ A
which sends (E , ϕ) to the tuple (Tr(∧iϕ))2≤i≤p, the coefficients of the characteristic polynomial
of ϕ.
3.2.3. Torus actions. Let Grotm be the one-dimensional torus which acts X by G
rot
m ∋ t : [ξ, η] 7→
[t−1ξ, η]. We fix the Grotm -equivariant structure on L and ∆ so that the actions on their fibers
at 0X are trivial. For L, this means that the induced action on Γ(X,L) = C[ξ, η]q is given by
Grotm ∋ t : P (ξ, η) 7→ P (t
−1ξ, η). The Grotm -action on X and the G
rot
m -equivariant structures on
L and ∆ induce a Grotm -action on Mr,∆(X,L) and M
par
r,∆(X,L). On the other hand, let G
dil
m be
one-dimensional torus which acts onMr,∆(X,L) and M
par
r,∆(X,L) by scaling Higgs fields ϕ. This
action commutes with the action of Grotm .
There is also a natural action of Grotm ×G
dil
m on A making f equivariant.
Let Gm →֒ G
rot
m ×G
dil
m be the homomorphism given by t 7→ (t
p, tq). Let Gm(q/p) be the image
of this map, then Gm(q/p) acts onMr,∆(X,L) and M
par
r,∆(X,L). The torus Gm(q/p) also acts on
A by Gm(q/p) ∋ t : Pi 7→ t
iqPi(t
−pξ, η) for fi ∈ k[ξ, η]iq . The map F is Gm(q/p)-equivariant.
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Let Aq/p ⊂ A be fixed points under Gm(q/p), which is a copy of A
1 consisting of points
(0, · · · , aξq) for a ∈ A1. Let
M1 = f
−1(0, · · · , 0,−ξq).
We define Mpar1 to be the preimages of M1 in M
par,s
r,∆ (X,L).
3.2.4. Elliptic locus. For each a ∈ A one can define the spectral Ya in the total space of L over
X. The projection θa : Ya → X is a finite morphism of degree p. Let A
′ ⊂ A be the open
subset where the spectral curve is irreducible and reduced. Let Y ′ → A′ be the universal family
of (integral) spectral curves over A′. Then A′ is invariant under the Grotm × G
dil
m -action. Let
M′ ⊂Mp,∆(X,L) and M
′par ⊂Mparp,∆(X,L) be the preimages of A
′.
Lemma 3.2.5. (1) We have M′ ⊂Msp,∆(X,L), and M
′par ⊂Mpar,sp,∆ (X,L).
(2) Let M ′ be the coarse moduli space of M′. Then M ′ is isomorphic to the relative compact-
ified Jacobian Jac(Y/A′) for the family of spectral curves Y → A′.
(3) The map f ′ :M′ → A′ (restriction of f to A′) is proper.
Proof. (1) If (E , ϕ) ∈ Mp,∆(X,L) has image a = f(E , ϕ) ∈ A
′, (E , ϕ) does not admit any
nontrivial Higgs subbundle (for otherwise Ya would contain a proper subscheme which is also a
curve), therefore f−1(A′) ⊂Msp,∆(X,L).
(2) Let Pic(Y/A′)∆ be the moduli stack of triples (a,F , τ) where a ∈ A
′, F is a torsion-free
rank one sheaves on Y and τ is an isomorphism det(θa∗F) ∼= ∆. For (a,F , τ) ∈ Pic(Y/A
′)∆,
θa∗F is a vector bundle over X of rank p together with a Higgs field ϕ : θa∗F → θa∗F ⊗L coming
from the fact that L−1 ⊂ θa∗OYa which acts on θa∗F . Therefore (a,F , τ) 7→ (θa∗F , τ) gives an
isomorphism Pic(Y/A′)∆
∼
→M′.
Note that for a ∈ A′, θa∗OYa
∼= OX⊕L
−1⊕· · ·⊕L−(p−1), we have deg(θa∗OYa) = −q(p−1)/2 =
deg∆. Therefore for any (a,F , τ) ∈ Pic(Y/A′)∆, F has the same Euler characteristic asOYa . For-
getting τ and passing to the isomorphism classes of F gives a map ω : Pic(Y/A′)∆
∼
→ Jac(Y/A′).
The map ω is a µp-gerbe, realizing Jac(Y/A
′) as the coarse moduli space of Pic(Y/A′)∆ ∼=M
′.
(3) Since Jac(Y/A′) → A′ is proper and M′ → Jac(Y/A′) is a µp-gerbe (hence proper),
f ′ :M′ → A′ is also proper. 
Lemma 3.2.6. (1) We have Aq/p − {0} ⊂ A
′.
(2) Let M1 be the coarse moduli space of M1. Then there is a canonical isomorphisms Jq/p ∼=
M1 which is equivariant with respect to the Gm(q/p)-actions.
(3) Let Mpar1 be the coarse moduli space of M
par
1 . Then there is a canonical homeomorphism
Spq/p →M
par
1 which is equivariant with respect to the Gm(q/p)-actions.
Proof. (1) We claim that the spectral curve Ya over a ∈ Aq/p − {0} is isomorphic to Cq/p in
a Gm(q/p)-equivariant way. For then Ya is integral hence Aq/p − {0} ⊂ A
′. Part (2) and (3)
follow from Lemma 3.2.5(2). By Gdilm -symmetry, it suffices to treat the case a = (0, · · · , 0,−ξ
q).
Using the affine coordinate x = ξ/ηp for the open subscheme A1 = X −{∞X} ⊂ X, the spectral
curve Ya restricted to X − {∞} is the plane curve y
p − xq = 0. The restriction of θa : Ya → X
over ∞X is pt → [pt/µp], therefore θa : Ya → X is unramified over ∞X . In particular, Ya is a
compactification of yp − xq which is smooth at infinity, hence Ya ∼= Cq/p. The point a ∈ Aq/p
being fixed by Gm(q/p), Ya carries a Gm(q/p)-action. It is easy to see that the isomorphism
Ya ∼= Cq/p is Gm(q/p)-equivariant.
(2) Since we have a Gm(q/p)-equivariant isomorphism Y1 ∼= Cq/p, part (2) follows from
Lemma 3.2.5(2).
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(3) From (2) and (2.4) we get a canonical homeomorphism SpGrq/p →M1. From the construction
in Lemma 3.2.5(2) it is easy to see that this homeomorphism lifts to a homeomorphism Spq/p →
Mpar1 . 
3.2.7. Contractions. The action of Gm(q/p) contracts A
′ to Aq/p − {0} by the map
τ : A′ → Aq/p − {0} ∼= A
1 − {0}(3.3)
(P2, · · · , Pp) 7→ the coefficient of ξ
q in Pp.(3.4)
By Lemma 3.2.5(3), M′ is proper over A′, therefore the action of Gm(q/p) contracts it to
M|Aq/p−{0} by a map which is a homotopy equivalence
(3.5) τ˜ :M′ →M|Aq/p−{0}.
On the other hand, let (u, v) ∈ Z2 be such that up − vq = 1. Then the action of Gm(u/v) (the
subtorus given by (tu, tv) ∈ Grotm ×G
dil
m ) on Aq/p − {0} is simply transitive. Therefore the action
map gives an isomorphism
Gm(u/v) ×M1
∼
→M|Aq/p−{0}.
Similarly we have the contraction
M′par
τ˜par
−−→Mpar|Aq/p−{0}
∼= Gm(u/v)×M
par
1 .
Let M ′,M ′par,M1,M
par
1 be the coarse moduli spaces of M
′,M′par,M1,M
par
1 .
Corollary 3.2.8. The maps τ˜ and τ˜par and the isomorphisms in Lemma 3.2.6 induce isomor-
phisms of cohomology rings
H∗(Gm)⊗H
∗(Jq/p) ∼= H
∗(Gm(u/v))⊗H
∗(M1)
∼
→ H∗(M ′),
H∗(Gm)⊗H
∗(Spq/p)
∼= H∗(Gm(u/v))⊗H
∗(Mpar1 )
∼
→ H∗(M ′par).
In particular, the restriction maps induce isomorphisms
H∗(M ′)pur
∼
→ H∗(Jq/p),
H∗(M ′par)pur
∼
→ H∗(Spq/p),
Lemma 3.2.9. The universal bundle Euniv descends to M ′ ×X.
Proof. The µp-gerbe M
′ →M ′ gives a class c ∈ H2e´t(M
′, µp). We denote its pullback to M
′ ×X
by cX . The obstruction to descending E
univ to M ′ × X lies in the cohomological Brauer group
H2e´t(M
′ ×X,Gm)tor, and is the image of cX under the natural map
H2e´t(M
′ ×X,µp)→ H
2
e´t(M
′ ×X,Gm)[p].
The homotopy retract τ˜ in (3.5) induces a homotopy retract
ρ : M ′ →M |Aq/p−{0}
∼= Gm(u/v) ×M1
by passing to coarse moduli spaces. Hence ρ induces an isomorphism on e´tale cohomology groups,
and gives a commutative diagram
H2e´t(Gm(u/v) ×M1 ×X,µp)
(ρ×idX)
∗
∼
//

H2e´t(M
′ ×X,µp)

H2e´t(Gm(u/v) ×M1 ×X,Gm)[p]
(ρ×idX)
∗
// H2e´t(M
′ ×X,Gm)[p]
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Therefore, it suffices to show that the image of cX |Gm(u/v)×M1×X in H
∗
e´t(Gm(u/v)×M1×X,Gm)
vanishes, i.e., Euniv|Gm(u/v)×M1×X descends to Gm(u/v) × M1 × X. Since E
univ is Gm(u/v)-
equivariant, it suffices to show that Euniv|M1×X descends to M1 × X. Recall the isomorphism
M1 ∼= Jq/p in Lemma 3.2.6. Over Jq/p × Cq/p we have a universal rank one torsion-free sheaf
Funiv (for example we may identify Jq/p with the fine moduli of rank one torsion-free sheaves on
Cq/p with a trivialization at the smooth point ∞C ∈ Cq/p). Let θ1 : Cq/p → X be the projection
when viewing Cq/p as the spectral curve of (0, · · · , 0,−ξ
q) ∈ Aq/p. Then (id × θ1)∗F
univ is a
vector bundle of rank p over Jq/p ×X, which can be taken to be the descent of E
univ|M1×X after
identifying Jq/p with M1. This completes the proof. 
3.2.10. Proof of Theorem 1.1.2. We apply Theorem 3.1.4 to the open substack M′ defined in
Section 3.2.4, which satisfies the assumption of Theorem 3.1.4 by Lemma 3.2.9. We denote the
descent of Euniv to M ′ ×X by Euniv, and let
Euniv1 := E
univ|M1×X .
Theorem 3.1.4 shows that H∗(M ′)pur is generated by the Ku¨nneth components of ci(E
univ), 1 ≤
i ≤ p. By Corollary 3.2.8, H∗(M1) is generated by the Ku¨nneth components of the restrictions
ci(E
univ)|M1×X . We may write according to the Ku¨nneth decomposition of H
∗(M1 ×X):
ci(E
univ)|M1×X = αi ⊗ 1 + βi ⊗ [X].
where αi ∈ H
2i(M1) and βi ∈ H
2i−2(M1) for 1 ≤ i ≤ p.
Claim 3.2.11. For 1 ≤ i ≤ p, we have αi = 0.
Proof of Claim. In fact, αi is the restriction of ci(E
univ) to M1 × {z} for any z ∈ X. In
Section 2.3.1, we introduced J˜q/p replacing the trivialization at ∞C by a trivialization over
Cq/p − {0C}. The pullback of E
univ to J˜q/p × (Cq/p − {0C}) is canonically trivialized. Therefore,
the pullback of Euniv to J˜q/p × {z} is also trivialized for any z ∈ X − {0X}, hence the pullback
of ci(E
univ) to J˜q/p × {z} vanishes. Since J˜q/p → Jq/p is a homeomorphism, the restriction of
ci(E
univ) to M1 × {z} ∼= Jq/p × {z} also vanishes. Hence αi = 0. 
Claim 3.2.12. Under the isomorphism Jq/p ∼= M1 in Lemma 3.2.6, ei corresponds to βi for
2 ≤ i ≤ p.
Proof of Claim. Recall πx : Cq/p → P
1 is the map given by (x, y) 7→ x. Then x factors as
Cq/p
θ1−→ X
γ
−→ P1, where the second map γ identifies P1 with the coarse moduli space of X =
P(p, 1). Let Funiv be the universal sheaf on Jq/p × Cq/p, and recall E
univ
x = (id × πx)∗F
univ is a
vector bundle of rank p on Jq/p × P
1. On the other hand, Euniv1 := E
univ|M1×X is constructed as
(id × θ1)∗F
univ. Therefore Eunivx
∼= (id × γ)∗(E
univ
1 ). In particular, we have a natural inclusion
(id×γ)∗Eunivx = (id×γ)
∗(id×γ)∗E
univ
1 → E
univ
1 whose cokernel K is a vector bundle concentrated
along Jq/p×{∞X}. Moreover, pulling back K to J˜q/p×{∞X} (see Section 2.3.2 for the definition
of J˜q/p), K is a trivial bundle because both (id × γ)
∗Eunivx and E
univ
1 are canonically trivialized
over J˜q/p× (X−{0X}). Therefore ch(K) is a multiple of 1⊗ [X] ∈ H
2(M1 ×X), and we conclude
that
(3.6) ch(Euniv1 )− (id× γ)
∗ch(Eunivx ) = ch(K) ∈ Q · 1⊗ [X].
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We know from the previous Claim that that ci(E
univ
1 ) = βi ⊗ [X], therefore the product of more
than one ci(E
univ
1 ) is zero, hence
(3.7) ch(Euniv1 ) = p+
p∑
i=1
(−1)i−1ci(E
univ
1 )/(i − 1)!.
Same argument as in the previous Claim shows that ci(E
univ
x ) = ei ⊗ [X], and hence
(3.8) ch(Eunivx ) = p+
p∑
i=1
(−1)i−1ci(E
univ
x )/(i − 1)!.
Combining (3.7),(3.8) and using (3.6), we see that ci(E
univ
1 ) = (id × γ)
∗ci(E
univ
x ) for 2 ≤ i ≤ p,
which then implies βi = ei. 
We finish the proof of Theorem 1.1.2. Since the classes α1, · · · , αp, β2, · · · , βp generate H
∗(M1),
and αi = 0, β2, · · · , βp then generate H
∗(M1). Hence, under the isomorphism Jq/p ∼= M1,
e2, · · · , ep generate H
∗(Jq/p). 
3.2.13. Proof of Theorem 1.2.1. We apply Theorem 3.1.8 to the open substack M′ defined in
Section 3.2.4, which satisfies the assumption of Theorem 3.1.4 by Lemma 3.2.9. Theorem 3.1.8
shows that H∗(M ′par)pur is generated by the Ku¨nneth components of ci(E
univ), 1 ≤ i ≤ p and
c1(L
univ
i ), 1 ≤ i ≤ p. By Corollary 3.2.8 and Lemma 3.2.6, H
∗(Mpar1 )
∼= H∗(Spq/p) is generated by
the restrictions of these cohomology classes to Mpar1 . Note under the homeomorphism Spq/p →
Mpar1 , the line bundles L
univ
i pullback to Li on Spq/p, 1 ≤ i ≤ p.
3.3. Equivariant version. The vector bundle Eunivx on Jq/p×P
1 (see Section 1.1.1) is Gm(q/p)-
equivariant, hence the equivariant Chern classes cGmi (E
univ
x ) ∈ H
2i
Gm
(Jq/p × P
1) are defined, and
reduce to ci(E
univ
x ) in H
2i(Jq/p × P
1). Restricting to Jq/p×{0} we get classes c
Gm
i (E
univ
x )|Jq/p×0 ∈
H2iGm(Jq/p).
Lemma 3.3.1. (1) For 1 ≤ i ≤ p, the classes cGmi (E
univ
x )|Jq/p×{0} ∈ H
2i
Gm
(Jq/p) are divisible
by ǫ (the equivariant parameter). Define
e˜i = p
−1ǫ−1cGmi (E
univ
x )|Jq/p×{0} ∈ H
2i−2
Gm
(Jq/p).
(2) For 2 ≤ i ≤ p, the image of e˜i in H
2i−2(Jq/p) is ei.
Proof. The one-dimensional torus Gm(q/p) acts on P
1 via the p-th power of the usual rotation
action. Localizing P1 to the two fixed points 0 and ∞ we get an isomorphism
(ι∗0, ι
∗
∞) : H
∗
Gm
(P1)
∼
→ Q[ǫ]×Q Q[ǫ]
where the right side consists of pairs (h0, h∞) ∈ Q[ǫ]
2 with the same constant term. The map to
the usual cohomology H∗Gm(P
1)→ H∗(P1) = Q · 1⊕Q · [P1] takes (h0, h∞) to (h0(0),
h0−h∞
pǫ |ǫ=0).
Taking product with Jq/p we get a similar isomorphism given by restriction to Jq/p × {0} and
to Jq/p × {∞}
(3.9) (i∗0, i
∗
∞) : H
∗
Gm
(Jq/p × P
1)
∼
→ H∗Gm(Jq/p)×H∗(Jq/p) H
∗
Gm
(Jq/p).
The map to the usual cohomology H∗Gm(Jq/p × P
1)→ H∗(Jq/p × P
1) = H∗(Jq/p)⊗ 1⊕H
∗(Jq/p)⊗
[P1] takes the form
(3.10) (h0, h∞) 7→ h0|ǫ=0 ⊗ 1 +
h0 − h∞
pǫ
|ǫ=0 ⊗ [P
1]
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where (−)|ǫ=0 is the map H
∗
Gm
(Jq/p)→ H
∗(Jq/p).
Now we apply the map (3.9) to cGmi (E
univ
x ). We can replace Jq/p by the homeomorphic J˜q/p
(see Section 2.3.2), and conclude that the restriction of Eunivx to J˜q/p × {∞} is a direct sum of
trivial bundles O,O(1), · · · ,O(p − 1) with the Gm-action indicated by the twists. Therefore,
i∗∞c
Gm
i (E
univ
x ) is the ith elementary symmetric polynomial of the set {0, ǫ, · · · , (p− 1)ǫ}, hence a
multiple of ǫi viewed as an element in H2iGm(Jq/p). Since i
∗
0c
Gm
i (E
univ
x ) is congruent to i
∗
∞c
Gm
i (E
univ
x )
mod ǫ, we see that i∗0c
Gm
i (E
univ
x ) is divisible by ǫ for 2 ≤ i ≤ p. This proves (1).
By (3.10), ei is the reduction mod of ǫ of p
−1ǫ−1(i∗0c
Gm
i (E
univ
x )−i
∗
∞c
Gm
i (E
univ
x )). Since i
∗
∞c
Gm
i (E
univ
x )
is a multiple of ǫi, we see that ei is the reduction mod ǫ of e˜i = p
−1ǫ−1i∗0c
Gm
i (E
univ
x ) for 2 ≤ i ≤ p.
This proves (2). 
Corollary 3.3.2. The equivariant cohomology ring H∗Gm(Jq/p) is generated by the equivariant
parameter ǫ ∈ H2Gm(pt) together with e˜i, 2 ≤ i ≤ p.
Proof. Since Jq/p is equivariantly formal (see Section 2.3.4), therefore H
∗
Gm
(Jq/p) ⊗Q[ǫ] Q ∼=
H∗(Jq/p) (here Q is viewed as the Q[ǫ]-module Q[ǫ]/(ǫ)). By Lemma 3.3.1(2), e˜i are liftings
of ei for 2 ≤ i ≤ p. The generation statement for H
∗
Gm
(Jq/p) then follows from Theorem 1.1.2 by
the graded version of the Nakayama’s lemma. 
Same argument shows the parabolic version.
Corollary 3.3.3. The equivariant cohomology ring H∗Gm(Spq/p) is generated by the equivariant
parameter ǫ ∈ H2Gm(pt), the pullbacks of e˜i for 2 ≤ i ≤ p and c
Gm
1 (Li), 1 ≤ i ≤ p.
3.4. Smooth model for Jq/p. The curve Cq/p naturally sits inside the weighted projective plane
P(1, p, q) with equation F0(z0, z1, z2) = z
q
1−z
p
2 = 0. Let B be the space of homogeneous degree pq
polynomials F (z0, z1, z2) in the weighted variables (z0, z1, z2) (with degrees 1, p, q respectively) of
the form
F (z0, z1z2) =
∑
i,j≥0,ip+jq≤pq
aijz
i
1z
j
2z
pq−ip−jq
0
with
a0p = 1, aq0 = −1.
The (aij) for i, j ≥ 0, ip + jq ≤ pq, (i, j) 6= (0, p) or (q, 0) give affine coordinates on B and hence
an isomorphism B ∼= A(p+1)(q+1)/2−1. Let B′ ⊂ B be the open subset where F defines an integral
curve. Then we have a universal family of curves
π : C → B′
defined by F (z0, z1, z2) = 0 inside P(1, p, q) for F ∈ B
′. Note all these curves are ordinary schemes
(they don’t pass through the points in P(1, p, q) with nontrivial automorphisms). Moreover all
these curves pass through the point [0, 1, 1], so that π has a section. Therefore the relative
compactified Jacobian Jac(C/B′) is defined.
The one-dimensional torus Gm(q/p) acts on P(1, p, q) by t·[z0, z1, z2] 7→ [tz0, z1, z2]. This action
contracts B and B′ to the point F0 = z
q
1 − z
p
2 .
Proposition 3.4.1. The relative compactified Jacobian Jac(C/B′) is smooth and it contracts to
the central fiber Jq/p under the action of Gm(q/p).
Proof. The moduli space Jac(C/B′) is closely related to a Hitchin moduli space for X = P(p, 1).
More precisely, consider the moduli stackMp,∆(X,L) for ∆ = OX(−(p−1)q/2) and L = OX(q/p)
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as in Section 3.2.2. The Hitchin base A classifies polynomials yp + P1(ξ, η)y
p−1 + · · · + Pp(ξ, η)
in variables ξ, η and y such that Pi(ξ, η) ∈ C[ξ, η]iq. We have an embedding
B →֒ A
F (z0, z1, z2) 7→ F (η, ξ, y)
which identifies B as a hyperplane in A defined by Pp(ξ, η) = −ξ
q + · · · . For F ∈ B viewed as a
point in A, the corresponding spectral curve is naturally isomorphic to the curve CF ⊂ P(1, p, q)
defined by F = 0. Lemma 3.2.5 implies there is a natural map Mr,∆(X,L)|B′ → Jac(C/B
′)
which is a µp-gerbe. On the other hand, the action of Gm(u/v) (see Section 3.2.7) identifies A
′
with Gm(u/v) × B
′, hence Mr,∆(X,L)|A′ ∼= Gm(u/v) ×Mr,∆(X,L)|B′ . By Proposition 3.1.3,
Mr,∆(X,L) is smooth, hence so are Mr,d(X,L)|B′ and Jac(C/B
′).
Since the Gm(q/p)-action contracts B
′ to F0, and Jac(C/B
′) is proper over B′, we conclude
that the same action also contracts Jac(C/B′) to its central fiber Jq/p. 
Consider the map
πB,∞ : B
′ → Ap+q−1
F (z0, z1, z2) 7→ (a00, a10, · · · , aq−1,0, a01, · · · , a0,p−1).
Conjecture 3.4.2. (1) There is a canonical Poisson structure on Jac(C/B′) such that the
projection h : Jac(C/B′)→ B′ is an algebraically completely integrable system.
(2) The generic fibers of the map
π∞ : Jac(C/B
′)→ B′
πB,∞
−−−→ Ap+q−1
are smooth and are the symplectic leaves of the Poisson structure on Jac(C/B′).
The result [BH, Proposition 3.1] is very close to the statement of the conjecture. We expect
that a proof of the conjecture could be obtained by the appropriate modification of the argument
from [BH].
4. The cohomology rings of Jq/p and Spq/p: relations
We preserve the notation from Section 2.1 and Section 3.2. In this section we first give a
presentation of the cohomology ring H∗Gm(Jq/p). Then we complete the proof of Theorem 1.1.8.
4.1. A two-parameter family of rings.
4.1.1. Definition of R. Let ǫ, s, e2, · · · , ep, f2, · · · , fq and z be indeterminates. Let
(4.1) e1 =
q(p− 1)
2
s; f1 =
p(q − 1)
2
s.
and
A(z) = zp +
p∑
i=1
pǫeiz
p−i; B(z) = zq +
q∑
j=1
qǫfjz
q−j .
We view both A and B as polynomials in z with coefficients in Q[ǫ, e2, · · · , ep, f2, · · · , fq]. Let
Fd ∈ Q[ǫ, s, e2, · · · , ep, f2, · · · , fq] (0 ≤ d ≤ pq) be the coefficient of z
d in
(4.2)
q−1∏
j=0
A(z + jpsǫ)−
p−1∏
i=0
B(z + iqsǫ).
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Let
R˜ = Q[ǫ, s, e2, · · · , ep, f2, · · · , fq]/(F0, F1, · · · , Fpq)
Finally, let R˜(ǫ) be the ǫ-power torsion elements of R˜, and let
R := R˜/R˜(ǫ)
be the ǫ-torsion-free quotient of R˜.
4.1.2. Bigrading. We give a bigrading on Q[ǫ, s, e2, · · · , ep, f2, · · · , fq] in which the generators get
degrees
deg(ǫ) = (1, 0); deg(s) = (0, 1); deg(ei) = (i− 1, i); deg(fi) = (i− 1, i).
It is easy to see that the generators Fd (0 ≤ d ≤ pq) of the ideal we quotient by to get R˜ are
homogeneous under the bigrading, hence R˜ inherits a bigrading, and so does R.
Let R = ⊕a,b∈Z≥0(aRb) be the decomposition of R into graded pieces under the bigrading.
Then ǫ : aRb → a+1Rb and s : aRb → aRb+1.
From Lemma 2.2.1(2), we immediately see
Lemma 4.1.3. There is a ring isomorphism
(4.3) Rǫ=1,s=0 ∼= Oq/p
sending ei ∈ Rǫ=1,s=0 to the same-named ei ∈ Oq/p, for 2 ≤ i ≤ p. The isomorphism respects the
grading on Rǫ=1,s=0 given by the second grading on R and the natural grading on Oq/p.
4.2. Equivariant cohomology of Jq/p. In Corollary 3.3.2 we showed that ǫ, e˜2, · · · , e˜p generate
H∗Gm(Jq/p). Recall the vector bundle E
univ
x on Jq/p × P
1. Let Ex be the restriction of E
univ
x to
Jq/p × {0} = Jq/p. Under the pullback along the homeomorphism Xq/p → Jq/p, Ex is the vector
bundle whose fiber at M ∈ Xq/p (viewed as a lattice in C((t))) is M/t
pM . By definition (see
Lemma 3.3.1) we have cGmi (Ex) = pǫe˜i, 1 ≤ i ≤ p. Similarly, using the y-projection on Cq/p,
we get a vector bundle Ey on Jq/p whose pullback to Xq/p has fiber M/t
qM at M . We define
f˜j ∈ H
2j−2
Gm
(Jq/p) such that c
Gm
j (Ey) = qǫfj, 1 ≤ j ≤ q.
Proposition 4.2.1. (1) There is a graded ring isomorphism
(4.4) r : Rs=1
∼
→ H∗Gm(Jq/p).
which sends ǫ, e2, · · · , ep, f2, · · · , fq to ǫ, e˜2, · · · , e˜p, f˜2, · · · , f˜q ∈ H
∗
Gm
(Jq/p) defined above.
In particular, Theorem 1.1.3 holds, and we have an isomorphism
(4.5) rǫ=1 : Rǫ=1,s=1
∼
→ Hǫ=1(Jq/p).
(2) The ring R has no s-torsion.
Proof. We first construct a surjective ring homomorphism r : Rs=1 → H
∗
Gm
(Jq/p). We form two
polynomials in z whose coefficients are the equivariant Chern classes of Ex and Ey
A˜(z) = zp +
p∑
i=1
pǫe˜iz
p−i; B˜(z) = zq +
q∑
i=1
qǫf˜iz
q−i.
Localizing to the fixed points and using (2.2), we see that
(4.6) e˜1 = q(p − 1)/2; f˜1 = p(q − 1)/2.
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Consider the Gm(q/p)-equivariant vector bundle Epq on Xq/p whose fiber at M is M/t
pqM . Note
that M/tpqM can be filtered in two ways
M/tpqM ⊃ tpM/tpqM ⊃ · · · ⊃ tp(q−1)M/tpqM,
M/tpqM ⊃ tqM/tpqM ⊃ · · · ⊃ tq(p−1)M/tpqM.
Therefore Epq has two filtrations by subbundles whose associated graded vector bundles are
Ex, Ex(p), · · · , Ey(jp), · · · , Ex(p(q − 1));
Ey, Ey(q), · · · , Ey(iq), · · · , Ex(q(p − 1)).
Here, for a Gm(q/p)-equivariant bundle E , we denote by E(1) by the same vector bundle with the
Gm(q/p)-equivariant structure twisted by the standard representation of Gm(q/p). Let C(z) =
zpq +
∑pq
k=1 c
Gm
k (Epq)z
pq−k. Then the Whitney formula for Chern classes gives that
(4.7)
q−1∏
j=0
A˜(z + jpǫ) = C(z) =
p−1∏
i=0
B˜(z + iqǫ).
Comparing the relations (4.6)(4.7) with (4.1)(4.2), if we send the generators ǫ, ei, fj of R˜s=1
to ǫ, e˜i and f˜j in H
∗
Gm
(Jq/p), we get a ring homomorphism R˜s=1 → H
∗
Gm
(Jq/p). Since Jq/p
is equivariantly formal, H∗Gm(Jq/p) has no ǫ-torsion, this ring homomorphism factors through
r : Rs=1 → H
∗
Gm
(Jq/p). By Corollary 3.3.2, r is surjective.
Localizing to the fixed points, we see that dimHǫ=1(Jq/p) = #Σq/p =
1
p+1
(
p+q
p
)
by (2.3).
Therefore dimRǫ=1,s=1 ≥
1
p+1
(
p+q
p
)
. On the other hand, by (4.3) and Lemma 2.2.1(4), we have
dimRǫ=1,s=0 = dimOq/p =
1
p+ q
(
p+ q
p
)
.
Therefore we have
dimRǫ=1,s=1 ≥
1
p+ 1
(
p+ q
p
)
= dimOq/p = dimRǫ=1,s=0.
Since Rǫ=1,s=0 is a specialization of Rǫ=1,s=1, we must have the reversed inequality dimRǫ=1,s=1 ≤
dimRǫ=1,s=0. Therefore all inequalities above are equalities. The equality dimRǫ=1,s=1 =
1
p+q
(
p+q
p
)
= dimHǫ=1(Jq/p) implies that r is an isomorphism because Rs=1 has no ǫ-torsion.
This proves part (1).
The equality dimRǫ=1,s=1 = dimRǫ=1,s=0 implies that Rǫ=1 is flat over Q[s], hence has no
s-torsion. Now we show R has no s-torsion. Suppose r ∈ aRb is such that sr = 0. Recall the
canonical map ιb : aRb → ∞Rb = Rǫ=1 which is injective since R has no ǫ-torsion. Therefore
sιb(r) = ιb+1(sr) = 0. Since Rǫ=1 has no s-torsion, this implies ιb(r) = 0 hence r = 0. This
proves part (2). 
4.3. Cohomology of Spq/p. Let V = C((x))
p and Λ† = C[[x]]p ⊂ V be the standard lattice. For
each i ∈ Z we define Gr
(i)
G to be the moduli space of C[[x]]-lattices in V such that dim(Λ/Λ∩Λ
†) =
dim(Λ†/Λ∩Λ†)−(p−i). We have the affine Springer fiber Sp
Gr,(i)
q/p ⊂ Gr
(i)
G which classifies lattices
Λ ⊂ V such that γq/pΛ ⊂ Λ (see Section 2.4.1). By identifying V with C((t)) as in Section 2.4.1,
SpGrq/p,i can be identified with the moduli space X
(i)
q/p which classifies C[[t
p, tq]]-lattices Λ ⊂ C((t))
such that dim(Λ/Λ ∩ C[[tp, tq]]) = dim(C[[tp, tq]]/Λ ∩ C[[tp, tq]]) + i.
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For 1 ≤ i ≤ p, we have a projection Πi : FlG → Gr
(i)
G sending Λ• to Λi, which restricts to a
map
πi : Spq/p → X
(i)
q/p.
The torus Gm(q/p) acts on V ∼= C((t)) by scaling t, which induces an action on Gr
(i)
G and X
(i)
q/p.
The maps Πi and πi are equivariant under Gm(q/p).
Recall from Section 2.4.3 that for each i ∈ Z, we have a Grotm -equivariant line bundle Li on Fl
whose fiber at Λ• ∈ FlG is the line Λi/Λi−1. Denote by ξi the Gm(q/p)-equivariant Chern classes
cGm1 (Li) ∈ H
2
Gm
(FlG), for i = 1, · · · , p.
On the other hand, Gr
(i)
G carries a Gm(q/p)-equivariant rank p vector bundle E
(i) whose fiber
at Λ ∈ Gr
(i)
G is Λ/xΛ. The Gm(q/p)-equivariant Chern classes c
Gm
j (E
(i)) are divisible by the
equivariant parameter ǫ (because in H∗(Gr
(i)
G ) the usual Chern classes cj(E
(i)) all vanish). We
define
e
(i)
j = p
−1ǫ−1cGmj (E
(i)) ∈ H2j−2Gm (Gr
(i)
G ).
Direct calculation shows that
e
(i)
1 = (p− 1)q/2 + p− i.
For 1 ≤ j ≤ p, let ej = π
∗
pe
(p)
j ∈ H
2j−2
Gm
(FlG). The pullback
Π∗i : H
∗
Gm
(Gr
(i)
G )→ H
∗
Gm
(FlG)
sends e
(i)
j to p
−1ǫ−1cj(ξi, ξi−1, · · · , ξ1, ξp + pǫ, · · · , ξi+1 + pǫ), where cj(...) is the j-th elementary
symmetric polynomial of the p elements obtained from ξ1, · · · , ξp by adding pǫ to the last p − i
elements.
Multiplication by t gives an isomorphism Gr
(i)
G
∼= Gr
(i−1)
G which restricts to an isomorphism
X
(i)
q/p
∼= X
(i−1)
q/p . Therefore X
(i)
q/p can be identified with Xq/p = Sp
Gr
q/p for all i. In particular,
Theorem 1.1.2 implies that the natural map
Q[ǫ, e
(i)
2 , · · · , e
(i)
p ]→ H
∗
Gm
(X
(i)
q/p)
is surjective. We denote the kernel of this map by I
(i)
q/p. When i = p, the ideal I
(p)
q/p is indirectly
described in Theorem 1.1.3 if we first express fj using ej and then substituting into I
sat
q/p. For
other i, the ideal I
(i)
q/p is obtained from I
(p)
q/p by substituting e
(p)
j by e
(i)
j . Clearly the restriction of
Π∗i I
(i)
q/p to Spq/p is zero.
Inspired by the work of Tanisaki [T] and Abe-Horiguchi [AH] we propose:
Conjecture 4.3.1. The kernel of the surjection Q[ǫ, ξ1, · · · , ξp, e2, · · · , ep] ։ H
∗
Gm
(Spq/p) in
Theorem 1.2.1 is generated by π∗i (I
(i)
q/p) for i = 1, · · · , p.
The following proposition shows that the conjecture holds up to ǫ-saturation. If we specialize
ǫ = 1, ei are expressible as symmetric polynomials of ξ1, · · · , ξp, so ξ1, · · · , ξp generate Hǫ=1(Spq/p)
as a Q-algebra. We denote the image of π∗i (I
(i)
q/p) under the specialization ǫ = 1 by π
∗
i (I
(i)
q/p)ǫ=1 ⊂
Q[ξ1, · · · , ξp].
Proposition 4.3.2. The kernel of the surjection Q[ξ1, · · · , ξp] ։ Hǫ=1(Spq/p) is generated by
π∗i (I
(i)
q/p)ǫ=1 for i = 1, · · · , p.
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In particular, the kernel of Q[ǫ, ξ1, · · · , ξp, e2, · · · , ep] ։ H
∗
Gm
(Spq/p) is the ǫ-saturation of the
ideal generated by π∗i (I
(i)
q/p) for i = 1, · · · , p.
Proof. Recall the bijection between the set Σ˜q/p and the Gm(q/p)-fixed points on Spq/p in Sec-
tion 2.4.3. Localizing to the Gm(q/p)-fixed points, we get a map
(4.8) ρ : Q[ξ1, · · · , ξp]→ Hǫ=1(Spq/p)
∼
→ ⊕d∈Σ˜q/p
Q
whose d-component is given by evaluation (ξ1, · · · , ξp) 7→ (d1, · · · , dp).
We have the following analogue of the discussion in Section 2.3.3. For 1 ≤ i ≤ p, the Gm(q/p)-
fixed points on X
(i)
q/p are in natural bijection with Σ
(i)
q/p, the set of 〈p, q〉-modules σ ⊂ Z such that
#(σ − σ ∩ 〈p, q〉) = #(〈p, q〉 − σ ∩ 〈p, q〉) − (p − i). Localizing the cohomology of X
(i)
q/p to fixed
points, we have a ring isomorphism
(4.9) Q[e
(i)
2 , · · · , e
(i)
p ]/I
(i)
q/p,ǫ=1
∼
→ Hǫ=1(X
(i)
q/p)
∼= ⊕
σ∈Σ
(i)
q/p
Q
whose σ-component sends e
(i)
j to the j-th elementary symmetric polynomial of the p-basis of σ.
Let I ′ ⊂ Q[ξ1, · · · , ξp] be the ideal generated by π
∗
i (I
(i)
q/p)ǫ=1 for i = 1, · · · , p. Let Z =
SpecQ[ξ1, · · · , ξp]/I
′] ⊂ Ap. We have a map γi : A
p → Ap sending (a1, · · · , ap) to the elementary
symmetric polynomials of (ai, ai−1, · · · , a1, ap+p, · · · , ai+1+p). Let Zi = Q[e
(i)
2 , · · · , e
(i)
p ]/I
(i)
q/p,ǫ=1
viewed as a subscheme of Ap under coordinates e
(i)
1 , · · · , e
(i)
p . By construction we have
Z = ∩pi=1γ
−1
i (Zi)
as a subscheme of Ap. By (4.9) we see each Zi is a finite set of reduced points which are away
from the branching locus of γi (because the p-basis elements of σ ∈ Σ
(i)
q/p are distinct). Therefore
Z is also reduced. Any C-point a ∈ Z must map to some σi ∈ Σ
(i)
q/p under γi. The set of such
a ∈ Cp is exactly Σ˜q/p. Therefore Z is the reduced subscheme of A
p given by Σ˜q/p. By (4.8), we
have Z = SpecHǫ=1(Spq/p), hence I
′ generates the defining ideal of Hǫ=1(Spq/p). 
5. Filtrations on cohomology
The goal of this section is prove Theorems 1.1.5, 1.1.8 and 1.1.10.
5.1. Filtrations on R. Recall the bigraded ring R from Section 4.1.1.
5.1.1. Double filtration. For b ∈ Z≥0, let ∞Rb = lim−→a a
Rb where the transition map is given by
ǫ. Then we have a canonical graded isomorphism ⊕b(∞Rb) = R/(ǫ − 1)R = Rǫ=1 where Rǫ=1
inherits the second grading from R. Multiplication by s induces a map ∞Rb → ∞Rb+1, and
let ∞R∞ = lim−→b∞
Rb with transition map s. We have a canonical ring isomorphism ∞R∞ ∼=
R/(ǫ− 1, s− 1)R = Rǫ=1,s=1.
Similarly, for a ∈ Z≥0 let aR∞ = lim−→b a
Rb where the transition map is given by s, then we
have a canonical graded isomorphism ⊕a(aR∞) = R/(s − 1)R = Rs=1 (which inherits the first
grading). Multiplication by ǫ induces a map aR∞ → a+1R∞, and lim−→a a
R∞ with transition maps
ǫ is canonically isomorphic to ∞R∞ defined above, which is isomorphic to Rǫ=1,s=1.
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By definition, R has no ǫ-torsion; by Proposition 4.2.1(2), R also has no s-torsion. Therefore
the natural maps aR∞ → ∞R∞ and ∞Rb → ∞R∞ are injective. We define the F
ǫ-filtration on
∞R∞ = Rǫ=1,s=1 by
F ǫ≤aRǫ=1,s=1 = Im(aR∞ → ∞R∞)
∼= aR∞.
Similarly, we define the F s-filtration on ∞R∞ = Rǫ=1,s=1 by
F s≤bRǫ=1,s=1 = Im(∞Rb → ∞R∞)
∼= ∞Rb.
Whenever we have two filtrations, we have a canonical isomorphism between bigraded rings by
taking associated graded of the two filtrations in different orders
(5.1) GrF
ǫ
i Gr
F s
j Rǫ=1,s=1
∼= GrF
s
j Gr
F ǫ
i Rǫ=1,s=1.
By definition, we always have an inclusion
(5.2) aRb ⊂ aR∞ ∩∞Rb.
When R is flat over Q[ǫ, s], this inclusion becomes an equality.
Lemma 5.1.2. There is a graded ring isomorphism GrF
s
∗ Rǫ=1,s=1
∼= Oq/p. Under this isomor-
phism, we transport the filtration F ǫ on GrF
s
∗ Rǫ=1,s=1 to Oq/p. We have
F ǫ≤iOq/p[j] ⊃ m
j−i ∩Oq/p[j], ∀j ≥ i ≥ 0.
Here m ⊂ Oq/p is the maximal ideal.
Proof. SinceR has no s-torsion by Proposition 4.2.1(2), neither doesRǫ=1. Therefore Gr
F s
∗ Rǫ=1,s=1 =
Rǫ=1,s=0. By (4.3), we have Rǫ=1,s=0 = Oq/p. Therefore we get the desired graded ring isomor-
phism GrF
s
∗ Rǫ=1,s=1
∼= Oq/p.
Using notation from Section 5.1.1, we have a graded isomorphism
Oq/p ∼= Rǫ=1,s=0 ∼=
⊕
j
∞Rj/∞Rj−1.
The induced filtration F ǫ on Oq/p is then
F ǫ≤iOq/p[j] = (iR∞ ∩∞Rj)/(iR∞ ∩∞Rj−1).
By the inclusion (5.2), we see that
F ǫ≤iOq/p[j] ⊃ Im(iRj → Rǫ=1,s=0).
By construction, iRj is spanned by monomials ǫ
mei22 · · · e
ip
p such that
∑p
k=2 kik = j and m +∑p
k=2(k−1)ik = i. This implies i2+ · · ·+ ip = j− i−m ≥ j− i. Therefore the image of e
i2
2 · · · e
ip
p
in Rǫ=1,s=0 belongs to F
ǫ
≤iOq/p[j] if
∑p
k=2 kik = j and i2 + · · · + ip ≥ j − i. The latter span
exactly mj−i ∩ Oq/p[j]. 
5.2. The Chern filtration. As in [OY, Definition 8.2.1], we make the following definitions.
Definition 5.2.1. (1) The Chern filtration C≤nHǫ=1(Jq/p) on the specialized equivariant co-
homology Hǫ=1(Jq/p) is the span of the image of monomials e
a2
2 · · · e
ap
p (under the isomor-
phism (4.5)) such that
∑p
i=2 iai ≤ n.
(2) The Chern filtration C≤nH
∗
Gm
(Jq/p) on the equivariant cohomology H
∗
Gm
(Jq/p) is the Q[ǫ]-
saturation of C≤nHǫ=1(Jq/p), i.e., h ∈ H
∗
Gm
(Jq/p) lies in C≤nH
∗
Gm
(Jq/p) if and only if
h|ǫ=1 ∈ C≤nHǫ=1(Jq/p).
(3) The Chern filtration C≤nH
∗(Jq/p) on the usual cohomology H
∗(Jq/p) is the image of
C≤nH
∗
Gm
(Jq/p) in H
∗(Jq/p).
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Remark 5.2.2. There is a more native candidate for the Chern filtration on H∗Gm(Jq/p): simply
take the span of the Chern monomials ǫme˜a22 · · · e˜
ap
p such that
∑p
i=2 iai ≤ n. However, it is not
clear why this span is ǫ-saturated. Our definition of the Chern filtration is the Q[ǫ]-saturation of
the naive one, which is also the strategy used in [OY, Section 8.2].
The filtration F s≤n on Rǫ=1,s=1 induces a filtration on Rs=1 by ǫ-saturation: h ∈ Rs=1 lies in
F s≤nRs=1 if and only if its image in Rǫ=1,s=1 lies in F
s
≤nRǫ=1,s=1. We then define a filtration F
s
≤n
on Rǫ=0,s=1 by taking the image of F
s
≤nRs=1.
Lemma 5.2.3. Under the isomorphism Rs=1 ∼= H
∗
Gm
(Jq/p) established in Proposition 4.2.1, we
have equalities of filtrations
C≤nHǫ=1(Jq/p) = F
s
≤nRǫ=1,s=1;(5.3)
C≤nH
∗
Gm
(Jq/p) = F
s
≤nRs=1;(5.4)
C≤nH
∗(Jq/p) = F
s
≤nRǫ=0,s=1.(5.5)
Proof. It suffices to prove (5.3): for (5.4), both sides are defined as the saturations of the corre-
sponding sides in (5.3); for (5.5), both sides are obtained by taking images of the corresponding
sides of (5.4).
We show (5.3). By definition, F s≤nRǫ=1,s=1 = ∞Rn. Since aRb is spanned by monomials of
bidegree (a, b), F s≤nRǫ=1,s=1 is spanned by the image of monomials of bidegrees (a, n) for all
a ∈ Z, which corresponds exactly to C≤nHǫ=1(Jq/p). 
5.3. The perverse filtration. The perverse filtration on the cohomology of the compactified
Jacobian of a locally planar curve C is introduced in [MY]. Let us recall the definition.
Let C be an integral curve C with planar singularities. Let π : C → B be a locally projective
flat deformation of C over an irreducible base B: say the point b0 ∈ B is such that Cb0 = C.
Assume π satisfies the following conditions
(1) Each geometric fiber Cb (b ∈ B) is integral and has only planar singularities. Let ga denote
the arithmetic genus of all geometric fibers Cb.
(2) For each 0 ≤ n ≤ 2ga − 1, the total space of the relative Hilbert scheme Hilb
n(C/B) is
smooth.
(3) For every (not necessarily closed) point b ∈ B, we have the δ-invariant δ(b) of the fiber Cb
(defined as the length of ν∗OC˜b
/OCb , where ν : C˜b → Cb is the normalization map). Then
we have codimB({b}) ≥ δ(b), where {b} is the Zariski closure of b in B.
Replacing B by an e´tale neighborhood of b0, we may assume that π admits a section, hence
the relative compactified Jacobian J = Jac(C/B) is defined and its total space is smooth. Let
f : J → B be the natural map. Then the complex Rf∗Q carries the perverse truncations
pτ≤iRf∗Q. The stalk (Rf∗Q)b0 is canonically isomorphic to the cohomology of Jac(C). We
define an increasing filtration P≤i on H
∗(Jac(C)) by
(5.6) P≤iH
∗(Jac(C)) = Im((pτ≤i+dimBRf∗Q)b0 → (Rf∗Q)b0).
It was shown in [MY, Theorem 1.1] that the filtration P≤iH
∗(Jac(C)) is independent of the
choice of the deformation C → B satisfying the above conditions. We call the canonical filtration
P≤iH
∗(Jac(C)) thus obtained the perverse filtration on H∗(Jac(C)). We have GrPj H
i(Jac(C)) = 0
unless i/2 ≤ j ≤ i.
Now consider the family of spectral curves Y → A′ associated to the Hitchin moduli stack
M in Section 3.2.4. It is shown in [MY, Proposition 3.3] that Y satisfies the conditions above
(loc.cit. proves the case where the base curve X is a scheme, but the argument there works for
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Deligne-Mumford curves such as P(p, 1)). By Lemma 3.2.5, f ′ : M ′ → A′ can be identified with
the family of compactified Jacobians Jac(Y/A′). The perverse filtration on H∗(Jq/p) ∼= H
∗(M1)
then can be computed using (5.6) with f = f ′. Since the family f ′ :M ′ → A′ carries a Gm(q/p)-
action and 1 ∈ Aq/p is fixed by this action, the same recipe as in (5.6) also defines a perverse
filtration on the equivariant cohomology H∗Gm(Jq/p) and its specialization.
Proposition 5.3.1. There are equalities of filtrations:
C≤nHǫ=1(Jq/p) = P≤nHǫ=1(Jq/p);(5.7)
C≤nH
∗
Gm
(Jq/p) = P≤nH
∗
Gm
(Jq/p);(5.8)
C≤nH
∗(Jq/p) = P≤nH
∗(Jq/p).(5.9)
Proof. We first show that both (5.9) and (5.8) follow from (5.7).
The equivariant cohomology H∗Gm(Jq/p)
∼= H∗Gm(M1) is computed as the Gm(q/p)-equivariant
stalk of Rf ′!Q at a = (0, · · · , 0,−ξ
q) ∈ Aq/p. Let d = dimA
′. By definition,
P≤nH
∗
Gm
(Jq/p) = Im(H
∗([pt/Gm], (
pτ≤n+dRf
′
!Q)a)
i
−→ H∗([pt/Gm], (Rf
′
!Q))a).
By the decomposition theorem applied to f ′ (which is proper by Lemma 3.2.5(3) withM ′ smooth
by Proposition 3.1.3), or rather the induced map of stalks [M ′/Gm(q/p)] → [A
′/Gm(q/p)],
pτ≤n+dRf
′
!Q is a direct summand of Rf
′
!Q in the Gm-equivariant derived category, therefore
the arrow i in the above equation is also the inclusion of a direct summand as a Q[ǫ]-module. In
particular, we see that P≤nH
∗
Gm
(Jq/p) is ǫ-saturated, and we have
(5.10) P≤nH
∗
Gm
(Jq/p) ∼= H
∗([pt/Gm], (
pτ≤n+dRf
′
!Q)a).
Since P≤nH
∗
Gm
(Jq/p) is ǫ-saturated, it is the same as the ǫ-saturation of the induced perverse
filtration on Hǫ=1(Jq/p). The same relation holds for the Chern filtrations on H
∗
Gm
(Jq/p) and
Hǫ=1(Jq/p). Therefore, (5.8) follows from (5.7).
For the usual cohomology, the perverse filtration on H∗(Jq/p) ∼= (Rf
′
!Q)a is defined by
(5.11) P≤nH
∗(Jq/p) ∼= (
pτ≤n+dRf
′
!Q)a.
Comparing (5.10) and (5.11), we get P≤nH
∗(Jq/p) ∼= P≤nH
∗
Gm
(Jq/p)⊗Q[ǫ] Q (specializing ǫ to 0).
The same relation C≤nH
∗(Jq/p) = C≤nH
∗
Gm
(Jq/p) ⊗Q[ǫ] Q holds by definition. Therefore, (5.9)
follows from (5.8).
Now it remains to show (5.7). We use the notation and discussion from Section 4.3 on the
cohomology of Spq/p. Recall we have a canonical surjection
(5.12) Q[ξ1, · · · , ξp]։ Hǫ=1(Spq/p)
sending ξi to c
Gm
1 (Li) for 1 ≤ i ≤ p. In [OY, Definition 8.2.1], we defined the Chern filtration on
C≤iHǫ=1(Spq/p) to be the image of polynomials in ξ1, · · · , ξp of degree ≤ i. In [OY, Definition
8.5.1], we have defined a perverse filtration on H∗Gm(Spq/p) (note the group S˜a that appears in
the definition there acts trivially on H∗Gm(Spq/p) in the case a = γq/p). Recall the construction
in [OY] uses the parabolic Hitchin fibration fpar : Mparp,∆(X,L) → A. The perverse filtration on
H∗Gm(Spq/p) induces one on Hǫ=1(Spq/p). By [OY, Proposition 8.5.4],
(5.13) C≤nHǫ=1(Spq/p) = P≤nHǫ=1(Spq/p).
The Gm(q/p)-equivariant projection π : Spq/p → Sp
Gr
q/p (sending a chain Λ• to Λp) induces an
inclusion
π∗ǫ=1 : Hǫ=1(Sp
Gr
q/p) →֒ Hǫ=1(Spq/p).
26
In view of (5.13), (5.7) would follow the following two claims:
P≤nHǫ=1(Sp
Gr
q/p) = π
∗,−1
ǫ=1 P≤nπ
∗Hǫ=1(Spq/p);(5.14)
C≤nHǫ=1(Sp
Gr
q/p) = π
∗,−1
ǫ=1 C≤nHǫ=1(Spq/p).(5.15)
We first show (5.14). By [OY, Section 8] that Hǫ=1(Spq/p) is an irreducible representation of
the bigraded rational Cherednik algebra H (we refer to [OY] for details). In particular, the
symmetric group Sp acts on H
∗
Gm
(Spq/p), and this action preserves the perverse filtration (see
[OY, Construction 8.4.2]). Since the map π∗ǫ=1 identifies Hǫ=1(Sp
Gr
q/p) with the Sp-invariants on
Hǫ=1(Spq/p), (5.14) follows.
We now show (5.15). We know that π∗ǫ=1ei ∈ Hǫ=1(Spq/p) is the i-th elementary symmetric
polynomial in ξ1, · · · , ξp. Since C≤nH
∗
Gm
(Spq/p) is spanned by polynomials of ξ1, · · · , ξp of degree
≤ n, C≤nH
∗
Gm
(SpGrq/p) is spanned by polynomials of e2, · · · , ep of degree ≤ n, therefore (5.15)
holds. 
5.3.2. Proof of Theorem 1.1.5. By definition, the Chern filtration on H∗(Jq/p) are multiplicative.
Since the Chern filtration on H∗(Jq/p) coincides with the perverse filtration by Proposition 5.3.1,
the perverse filtration is also multiplicative.
5.4. Proof of Theorem 1.1.8. (1) We take the filtration F on Oq/p to be F
ǫ. By Lemma 5.1.2,
we have
GrF
ǫ
i Oq/p[j]
∼= GrF
ǫ
i Gr
F s
j Rǫ=1,s=1.
Combining (5.9) and (5.5), we have
GrPj H
i(Jq/p) = Gr
C
j H
i(Jq/p) ∼= Gr
F s
j Rǫ=0,s=1 = Gr
F s
j Gr
F ǫ
i Rǫ=1,s=1.
Finally we use the observation (5.1) to see that the RHS of the above two equations are the same,
therefore
(5.16) GrPj H
2i(Jq/p) ∼= Gr
F ǫ
i Oq/p[j].
(2) The containment (1.1) is proved in Lemma 5.1.2.
The Hard Lefschetz theorem for the perverse filtration on H∗(Jq/p) implies that cupping with
eδ−j2 induces an isomorphism
(5.17) GrPj H
2i(Jq/p)
∼
→ GrP2δ−jH
2(δ−j+i)(Jq/p).
Suppose the equality in (1.1) holds, then Conjecture 1.1.7 holds, hence
dimH2i(Jq/p) =
∑
j
dimGrPj H
2i(Jq/p)
=
∑
j
dimGrP2δ−jH
2(δ−j+i)(Jq/p) (by (5.17))
=
∑
j
dimGrδ−im Oq/p[2δ − j] (by Conjecture 1.1.7)
= dimGrδ−im Oq/p,
which is the equality (1.2).
Conversely, suppose (1.2) holds for all i. We claim that (1.1) must be an equality. Let
aij = dimGr
F ǫ
δ−iOq/p[2δ − j], bij = dimGr
i
mOq/p[j].
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The equality (1.2) implies that
(5.18)
∑
j
aij =
∑
j
bij .
Hard Lefschetz (5.17) implies aij = aδ−j+i,2δ−j . The containment (1.1) implies that for any j∑
i′≥i
bi′,j = dimm
i ∩ Oq/p[j] ≤ dimF
ǫ
≤j−iOq/p[j](5.19)
=
∑
i′≥i
dimGrF
ǫ
j−i′Oq/p[j] =
∑
i′≥i
aδ−j+i′,2δ−j =
∑
i′≥i
ai′,j.
We prove by descreasing induction on i that aij = bij for all j. If i > δ, then
∑
j aij =
dimH2i(Jq/p) = 0 which implies aij = 0 hence bij = 0 by (5.18). Now suppose ai′j = bi′j
holds for all i′ > i and all j, then (5.19) implies that aij ≥ bij for all j. Combined with (5.18) we
see that aij = bij . This shows that aij = bij for all i, j ∈ Z. This forces the inequality in (5.19)
to be an equality, which in turn implies that the containment (1.1) is an equality. The proof of
Theorem 1.1.8 is complete.
5.5. Conjectural flatness of R. Numerical evidence seems to support the following
Conjecture 5.5.1. The algebra R is flat over Q[ǫ, s].
If conjecture is true then the Q[ǫ, s]-algebra R is a bigraded algebra whose various specializa-
tions are related to Oq/p and H
∗(Jq/p) in the following way (where ❀ denotes degeneration, or
equivalently passing to the associated graded with respect to a certain filtration)
Rǫ=1,s=1 = H
∗
ǫ=1(Jq/p)

O
O
O
///o/o/o/o Rǫ=0,s=1 = H
∗(Jq/p)

O
O
O
Rǫ=1,s=0 = Oq/p ///o/o/o/o/o Gr
∗
aOq/p
∼= GrP∗ H
∗(Jq/p)
5.5.2. Proof of Theorem 1.1.10. Examining the proof of Lemma 5.1.2, the only place that caused
the containment rather than equality is the use of (5.2). If R is flat over Q[ǫ, s], (5.2) is an equality
and the argument of Lemma 5.1.2 then shows that F ǫ≤iOq/p[j] = m
j−i ∩ Oq/p[j] for j ≥ i ≥ 0.
For j < i we have the trivial equality F ǫ≤iOq/p[j] = Oq/p[j]. Therefore
GrF
ǫ
i Oq/p[j] = Gr
j−i
m Oq/p[j]
for all i and j. Theorem 1.1.10 then follows from (5.16).
6. Relation with Cherednik algebra and Hilbert scheme
In this section we discuss another approach to Conjecture 1.1.7 in the case q = kp + 1 by
making connections with the rational Cherednik algebras and the Hilbert scheme points on C2.
6.1. Rational Cherednik algebra.
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6.1.1. Let h be the Cartan subaglebra of slp and h
∗ be its dual. Let W = Sp be the Weyl group.
The bigraded rational Cherednik algebra Hν is, as a vector space, a tensor product
H = Q[ǫ]⊗ Sym(h) ⊗ Sym(h∗)⊗Q[W ]⊗Q[Λcan].
The bigrading is given by
deg(ǫ) = (2, 0);
deg(η) = (0,−1) ∀η ∈ h;
deg(ξ) = (2, 1) ∀ξ ∈ h∗;
deg(w) = (0, 0) ∀w ∈W ;
The first and second components of the bigrading are called the cohomological grading and the
perverse grading. The algebra structure is given by
(RC-1) ǫ is central;
(RC-2) Sym(h),Sym(h∗) and Q[W ] are subalgebras;
(RC-3) For η ∈ h, ξ ∈ h∗ and w ∈W , we have w · η = wη · w,w · ξ = wξ · w ;
(RC-4) For η ∈ h, ξ ∈ h∗, we have
[η, ξ] = 〈ξ, η〉ǫ−
ν
2
(∑
α∈Φ
〈ξ, α∨〉〈α, η〉rα
)
ǫ,
where Φ is the set of roots in h∗, and rα ∈W is the reflection associate to a root α.
The subalgebra Hsphν := eHνe, e = |W |
−1
∑
w∈W w is called spherical rational Cherednik
algebra. By setting central element ǫ in Hν to 1 we obtain the algebra Hν,ǫ=1 that is most
commonly called the rational Cherednik algebra. Similarly we have the spherical version Hsphν,ǫ=1.
6.1.2. The following theorem is a particular case of the main theorem in [OY].
Theorem 6.1.3. Let ν = q/p > 0 and (p, q) = 1. Then
(1) There is a doubly-graded action of Hsphν on Gr
P
∗ H
∗
Gm
(SpGrq/p) under which ǫ acts as an
equivariant parameter.
(2) The Hsphν,ǫ=1-module Gr
P
∗ H
∗
ǫ=1(Sp
Gr
q/p) is isomorphic to the irreducible spherical module
eLν(triv).
6.1.4. Unlike Hq/p the algebra Hq/p,ǫ=1 has only one grading, the perverse grading. Moreover, the
perverse grading is the internal grading by the action of the element h := 12
∑
i(ξiηi+ηiξi) (where
{ξi} is a basis of h
∗ and {ηi} is the dual basis of h). Respectively we obtain the decomposition
of Lq/p,ǫ=1(triv) into the eigenspaces of h: Lq/p,ǫ=1(triv) = ⊕
δ
j=−δLq/p,ǫ=1(triv)[j] (where δ =
(p− 1)(q − 1)/2).
The module Lq/p,ǫ=1(triv) is an irreducible quotient of the Verma module of Sym(h
∗). Respec-
tively, the spherical module eLq/p,ǫ=1(triv) is the quotient of Sym(h
∗)W = C[e2, . . . , ep] by an
ideal IHq/p. It was shown by Gorsky [G, Theorem 4.3] that I
H
q/p = (gq+1, . . . , gq+p−1) = IO. We
conclude that there is a canonical isomorphism that shifts the grading by δ
(6.1) Oq/p ∼= eLq/p,ǫ=1(triv).
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6.2. Relation with the Hilbert scheme. Another model for the finite dimensional repre-
sentation Lq/p,ǫ=1(triv) stems from the interpretation of the rational Cherednik algebra as a
quantization of the Calogero-Moser space [EG]. The Calogero-Moser space is a hyper-Ka¨hler
twist of the balanced Hilbert scheme of points on the plane Hilbp0(A
2), a scheme over Q with
C-points:
Hilbp0(A
2)(C) = {ideals I ⊂ C[x, y]|dimC[x, y]/I = p, |supp(C[x, y]/I)| = (0, 0)},
where |supp(C[x, y]/I)| stands for the total sum of coordinates of the n points in the support of
C[x, y]/I. Let Zp ⊂ Hilb
p
0(A
2) be the subscheme whose C points consists of ideals I such that
supp(C[x, y]/I) is concentrated at (0, 0).
There are two Gm actions on A
2. The first is anti-diagonal λ ·a (x, y) = (λx, λ
−1y) and the
second dilates the second coordinate: λ ·d (x, y) = (x, λy). We use notations G
a
m and G
d
m for
these tori. The Picard group of Hilbp0(A
2) has an ample generator denoted O(1). We denote its
restriction to Zp also by O(1).
In the work of Gordon and Stafford [GS], the relation between the Gam × G
d
m-equivariant
coherent sheaves on Hilbp0(A
2) and modules over Hsph
q/p,ǫ=1
was established. In particular it is
shown in [GS, Theorem 5.11] that there is an isomorphism of Z-graded vector spaces for k ≥ 0
(6.2) eL1/p+k,ǫ=1(triv)[j] ≃ H
0(Zp,O(k))[j],
where the grading on the LHS corresponds to the action of Gam on the RHS and j = −δ, · · · , δ.
Please, notice that statement from [GS] is about the associate graded GrΛeL1/p+k,ǫ=1(triv) of
the module eL1/p+k,ǫ=1(triv) with respect to ”the good filtration”. In the presence of ”the good
filtration” [GS] strengthen 6.2 to the equality of doubly graded spaces. However, [GS] does not
provide an explicit description of ”the good filtration”. The grading in (6.2) is compatible with
”the good filtration” (see [GS, section 5.8]) thus the specialization (6.2) of the statement from
[GS] is valid.
We propose to extend the above statement to interpret the graded dimension of the RHS in
(6.2) with respect to the action of Gdm, this extension should be closely related to ”the good
filtration” from [GS]:
Conjecture 6.2.1. For k ≥ 0 and i ≥ 0 there is an isomorphism of vector spaces
GrimeL1/p+k,ǫ=1(triv) ≃ H
0(Zp,O(k))〈i〉,
where the RHS is the weight i part of H0(Zp,O(k)) under the action of G
d
m.
Example 6.2.2. In the case p = 3, q = 4 (hence k = 1), the structure of the finite dimensional
representation eL1/p+k,ǫ=1(triv) is discussed in details in [GORS, Section 5.2] and illustrated with
[GORS, Figure 1]. In particular, in this we have
(6.3)
∑
i
ti dimmi/mi+1 = 1 + 2t+ t2 + t3.
The space H0(Zp,O(k)) was studied in papers of Garsia and Haiman. If k = 1 then the
Gdm-character of the space specializes to the Catalan number at t = 1 [H1, Section 2] and these
characters were tabulated in [GH, Appendix]. When p = 3 the above mentioned t-Catalan
number coincides with the RHS of (6.3).
Proposition 6.2.3. Conjecture 6.2.1 implies Conjecture 1.1.10 for q = 1 + kp.
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Proof. It is shown by Gorsky and Mazin [GM, Theorem 3] that∑
dimH2i(J1/p+k)t
i =
∑
D
t|D|,
where the sum is over the Young diagrams D that fit inside the triangle with vertices (0, 0), (0, p),
(1 + pk, 0).
The rational shuffle conjecture proved by Mellit [Me] combined with Haiman’s results on the
vanishing of higher cohomology [H2, Theorem 3.1] and the localization formula for OZ ⊗ O(k)
[H2, Proposition 3.2] imply that∑
D
tδ−|D| = χ
Gdm
t (H
0(Zp,O(k))).
Combining these facts and Conjecture 6.2.1 we get
dimH2i(J1/p+k) = dimH
0(Zp,O(k))〈δ − i〉
= dimGrδ−im eL1/p+k,ǫ=1(triv)
(6.1)
= dimGrδ−im O1/p+k.
Corollary (1.1.9) then implies that Conjecture 1.1.7 holds.

7. More conjectures
We propose some conjectures that extend the results of the paper to more general curve
singularities.
7.1. Toric curves. A natural generalization of the curve Cq/p is a toric curve which we describe
below. Let Γ ⊂ Z≥0 be a sub-monoid, then we define OΓ ⊂ C[t] to the ring with the basis
ti, i ∈ Γ and C0Γ = Spec(OΓ). We denote by CΓ the projective curve which is the one-point
compactification of C0Γ with a smooth point at infinity.
The curve Cq/p is isomorphic to the curve CΓ with Γ = 〈p, q〉. In general, the curve CΓ is
smooth outside of the origin t = 0 and the singularity at the origin has the tangent space of
dimension equal to the minimal number of generators of Γ. In particular, the singularity of CΓ
is planar iff Γ = 〈p, q〉.
Similarly to the case of Cq/p one defines the one dimensional moduli spaceM1((P
1,∞), (CΓ,∞))
and its zero-dimensional rigidificationM rig1 (P
1, CΓ). Our conjecture is concerned with the dimen-
sion of the Artinian ring OΓ := O(M
rig
1 (P
1, CΓ)):
Conjecture 7.1.1. We have
dimOΓ = χ(JΓ),
where JΓ is the moduli space of torsion free rank one coherent sheaves on CΓ with the same Euler
characteristic as the structure sheaf OCΓ .
The moduli space JΓ has a natural Gm-action by scaling t. By localizing to the Gm-fixed
points, the Euler characteristics on the RHS of the above conjecture is equal to the number of Γ-
submodulesM of Z which have the same relative size as Γ. The ring on the LHS of the conjecture
has an explicit description by generators and relations and one can compute its dimension with
the help of software. In particular, we verified the above conjecture for many examples of non-
planar toric curves. Let us also point out that the conjecture is similar to [FGS, Theorem 2]
where curves with planar singularities were studied.
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7.2. Planar curves. Another class of curves that generalizes Cq/p is the class of complex curve
with rational normalization and only one singularity that is planar. Given such a curve one
can define the moduli spaces M1((P
1,∞), (C,∞)), M rig1 (P
1, C) (now over C); we discuss the
construction of these spaces for particular cases of the curves below.
The topology of the compactified Jacobians of the curve from the above-mentioned class was
studied by Piontkowski in [P]. In particular in [P] the Betti numbers of the compactified Jacobians
of large series of non-toric curves were computed. Let us also point out that it was conjectured by
van Straten that the odd degree cohomology of the compactified Jacobians of such curves should
vanish.
Using software we attempted to match the Betti numbers from [P] with some algebraic invari-
ants of the Artinian coordinate ring O(M rig1 (P
1, C)). We discovered that the following weaker
version of our Conjecture 1.1.10 (or rather its equivalent form (1.2)) survives numerical tests.
Conjecture 7.2.1. Let C be a curve with rational normailaztion and unique singularity that is
planar. Then for any i ∈ Z we have
(7.1) dimH2i(Jac(C)) ≥ dimGrδ−im O(M
rig
1 (P
1, C))
where m is the maximal ideal in the Artinian ring O(M rig1 (P
1, C)) and δ = dimJac(C).
As we proved in Theorem 1.1.8(2), in the case C = Cq/p, that (7.1) become an equality is
equivalent to Conjecture 1.1.10.
On the other hand in all non-toric case that we analyzed the inequality (7.1) is strict for
some i, in particular in these cases we see the inequality χ(Jac(C)) > dimO(M rig1 (P
1, C)). Let
us give more details on the construction of the moduli space M rig1 (P
1, C) that we used in our
experiments.
7.2.2. An example. Here we treat the simplest family of non-toric curves studied in [P], these
curves are one point compactifications of the curves C04,2q,s which have parametrization:
t 7→ (t4, t2q + ts),
where s > 2q > 4 and q, s are odd.
The curve has a natural compactification C4,2q,s ⊂ P(4, s, 1) with parametrization φ0(t0 : t1) =
(t41 : t
s
1 + t
s−2q
0 t
2q
1 : t0). The image of φ0 is the curve defined by the equation Fq,s(X0,X1,X2)
and it avoids the singularities of P(4, s, 1). Hence the moduli spaceM rig1 (P
1, C4,2q,s) parametrizes
maps:
φe,f (t0 : t1) = (t
4
1 +
4∑
i=1
eit
i
0t
4−i
1 : t
s
1 +
s∑
i=1
fit
i
0t
s−i
1 : t0),
such that fs−2q = 1, 4f1 = se1 (the rigidifying conditions) and Fq,s(φe,f (t0 : t1)) = 0.
Let us denote dimGrimO(M
rig
1 (P
1, C4,2q,s)) as b
fake
2(δ−i). We summarize the outcome of our com-
putational experiments in the tables below. The Betti numbers for the compactified Jacobians
are taken from [P].
q = 3, s = 7:
i 0 1 2 3 4 5 6 7 8
b2(δ−i) 1 3 4 4 4 3 2 1 1
bfake2(δ−i) 1 3 4 4 4 2 1 0 0
q = 3, s = 9:
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i 0 1 2 3 4 5 6 7 8 9
b2(δ−i) 1 3 4 4 4 4 3 2 1 1
bfake2(δ−i) 1 3 4 4 4 4 2 1 0 0
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